ON LINEAR REPRESENTATIONS OF CHEVALLEY GROUPS OVER 

COMMUTATIVE RINGS 

IGOR A. RAPINCHUK 

Abstract. Let G be the universal Chevalley-Demazure group scheme corresponding to a reduced 
irreducible root system of rank > 2, and let R be a commutative ring. We analyze the linear 
representations p: G(R) + -> GL n (K) over an algebraically closed field K of the elementary sub- 
(3JT)' group G(R) + C G(R). Our main result is that under certain conditions, any such representa- 

tion has a standard description, i.e. there exists a commutative finite-dimensional A"-algebra B, 
.^^ a ring homomorphism / : R — » B with Zariski-dense image, and a morphism of algebraic groups 

a : G(B) — > GL n (K) such that p coincides with aoF on a suitable finite index subgroup T C G(R) + , 
where F: G(R) + — s> G(B) + is the group homomorphism induced by /. In particular, this confirms 
a conjecture of Borel and Tits [5] for Chevalley groups over a field of characteristic zero. 

9 

^ ■ 1. Introduction and statement of the main results 

In their fundamental paper [5], Borel and Tits showed that if G and G' are algebraic groups 
defined over infinite fields k and k', respectively, with G absolutely simple, simply-connected, and 
/c-isotropic and G' absolutely simple, then any abstract homomorphism p: G(k) — > G'(k') between 
the groups of rational points such that p(G + ) is Zariski-dense in G'(k') (here G + denotes the 
J^i ■ subgroup of G(k) generated by the /j-rational points of the unipotent radicals of the parabolic 
£Nj | fc-subgroups of G) can (essentially) be written as a composition a o F, where F: G{k) — >•&> G(k') 
is the homomorphism induced by an embedding of fields / : k —> k! and ^G is obtained by base 
change under /, and a: yG — >■ G' is a A/-rational morphism of algebraic groups (see [5J, Theorem A 
for a more precise statement). We will refer to such a factorization of p as a standard description. 
A similar, but more technical, statement was also obtained in the case where G' is just assumed 
to be reductive (see [5J, 8.16). Later, Seitz [25] established a (generalized form of the) standard 
description for abstract homomorphisms of universal Chevalley groups assuming that either k is an 
infinite perfect field of positive characteristic or k has characteristic zero and p maps the elements 
of T(k), where T is a fixed maximal fc-torus of G, to semisimple elements of G'(k'). 

On the other hand, Borel and Tits pointed out the existence of abstract homomorphisms that 
fail to have the above description when G' is not necessarily reductive (cf. [5], 8.18). The nature 
of this example prompted the following conjecture (see [5], 8.19): 

Let G and G' be algebraic groups defined over infinite fields k and k', respec- 
tively. If p: G(k) — > G'(k') is any abstract homomorphism such that p{G + ) 
is Zariski-dense in G'(k'), then there exists a commutative finite- dimensional k! - 
, . algebra B and a ring homomorphism f : k — )• B such that p = a o rs/k 1 ° F> where 
F: G{k) —>bG(B) is induced by f (^G is the group obtained by change of scalars), 
r B/k''- eP{B) — > RB/k'(Ep)(k') is the canonical isomorphism (here Rb/h' denotes 
the functor of restriction of scalars), and a is a rational k! -morphism of i?B/fe'(sG) 
toG'. 

Shortly after the conjecture was formulated, Tits [35] sketched its proof for the case k = k' = R. 
The only available result over general fields is due to L. Lifschitz and A. Rapinchuk [18] . where 
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(BT) was essentially proved in the case where G is an absolutely simple simply connected Chevalley 
group over a field k of characteristic zero and the unipotent radical of G' is commutative. (We 
note that the unipotent radical of G' in example 8.18 of [5] was indeed commutative, but in [18] 
examples with the unipotent radical having a prescribed nilpotency class were constructed). 

On the other hand, there are important results for abstract homomorphisms of higher rank 
arithmetic groups and lattices. For example, Bass, Milnor, and Serre [2] used their solution of 
the congruence subgroup problem for G = SL n {n > 3) and Sp2 n (n > 2) to prove that any 
representation p: G(Z) — \ GL m (C) coincides on a subgroup of finite index T C G(Z) with the 
restriction of some rational morphism a : G — > GL m of algebraic groups. Serre [26] established a 
similar result for the group £X2(Z[l/p]). (We note that the results in [2] and [26] in fact apply to the 
groups of points over rings of 5-integers in arbitrary number fields, but their statements in those 
cases are a bit more technical). Very general results about representations of higher rank arithmetic 
groups and lattices are also contained in Margulis's Superrigidity Theorem (cf. |19|, Chap. VII, 
3.10). At the same time, Steinberg [30] showed that the above results for representations of SL n (Z), 
with n > 3, can be derived directly from the commutator relations for elementary matrices. Shenfeld 
|28j used the recent result of Kassabov and Nikolov [16] on the centrality of the congruence kernel 
for r n fc = SL n (Z[xi, . . . ,Xk\) (n > 3 and k > 0), together with a generalization of the techniques 
of Bass-Milnor-Serre, to answer in the affirmative the question of D. Kazhdan on whether every 
representation p: T n ^ — > GL m (C) with reductive image coincides, on a subgroup of finite index, 
with a product of specialization maps T n ^ — > SL n (C) x • • • x SL n (C) followed by a rational 
map SL n x • • • x SL n — > GL m (his Theorem 1.4 contains this statement in a slightly different, 
but equivalent, formulation). The purpose of this paper is to develop Steinberg's generators- 
relations approach in order to establish a suitable version of the standard description for linear 
representations of Chevalley groups over general commutative rings, which contains the results in 
[18j and [28j as very particular cases. 

To state our main results, we need to introduce some notations and definitions. Throughout the 
paper $ will denote a reduced irreducible root system of rank > 2, and G will be the corresponding 
universal Chevalley-Demazure group scheme over Z (cf. [4]). For a commutative ring R, the pair 
(<!>, R) is called nice if 2 £ R x whenever <]? contains a subsystem of type B2, and 2, 3 € R x if <3? is 
of type (?2- We let G(R) + denote the subgroup of G(R) generated by the images of the .R-points of 
the canonical one-parameter unipotent subgroups corresponding to the roots in $; we will refer to 
G(R) + as the elementary subgroup (cf. §[3j). Furthermore, let K be an algebraically closed field. For 
any finite-dimensional -fC-algebra B, one can consider the algebraic X-group Q = Rb/k{G) obtained 
from G by restriction of scalars (cf. $6]). Then there is a canonical identification G{K) ~ G(B), 
and in the sequel we will regard G{B) as an algebraic if-group via this identification. Our main 
result is as follows (cf. Theorem [67! 



Main Theorem. Let $ be a reduced irreducible root system of rank > 1, R a commutative ring 
such that ($,-R) is a nice pair, and K an algebraically closed field. Assume that R is noetherian if 
char K > 0. Furthermore let G be the universal Chevalley-Demazure group scheme of type <£ and 
let p: G{R) + —> GL n (K) be a finite- dimensional linear representation over K of the elementary 
subgroup G{R) + C G(R). Set H = p(G(R) + ) (Zariski closure), and let H° denote the connected 
component of the identity of H . Then in each of the following situations 

(1) H° is reductive; 

(2) char K = and R is semilocal; 

(3) char K = and the unipotent radical U of H° is commutative, 

there exists a commutative finite- dimensional K-algebra B, a ring homomorphism f ' : R — > B with 
Zariski-dense image, and a morphism a: G{B) — > H of algebraic K -groups such that for a suitable 
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subgroup T C G(R) + of finite index, we have 

p\ T = (o-oF)|r, 
where F: G(R) + — > G(B) + is the group homomorphism induced by f. 

Thus if R = k is a field of characteristic 7^ 2 or 3, then R is automatically semilocal and (<&, it!) is 
a nice pair, so the Main Theorem provides a proof of (BT) in the case that G{k) is split and k' = K 
is an algebraically closed field of characteristic zero. In fact, it appears that the techniques used in 
the proof of the Main Theorem can be generalized to give a standard description for p whenever 
R is any commutative ring such that ($, R) is a nice pair and K is an algebraically closed field of 
characteristic zero — the details will be given elsewhere. 

One of the central elements in our proof of the Main Theorem is the use of the notion of an 
algebraic ring. This approach was suggested by Kassabov and Sapir [17J in connection with their 
analysis of the linearity (over fields) of elementary groups over general associative rings. However, 
the proof of the Main Theorem requires significantly more information about algebraic rings than 
is given in [T7], so § [21 which is of independent interest, is devoted to establishing a number of 
their algebraic and geometric properties. In ^3j we use computations with Steinberg commutator 
relations to associate to a given representation p: G{R) + — > GL n {K) a certain algebraic ring A 
together with a homomorphism of abstract rings / ': R —> A having Zariski-dense image. In EgJ we 
lift p to a representation f: G(A) — >• H of the Steinberg group G{A) corresponding to the root 
system $, and also derive some structural information about G(A). Then, in Sj5j we use the compu- 
tations of Stein [30] of the group K2 over semilocal rings to construct an abstract homomorphism 
a: G{A°) — > H, where A° is the connected component of A, such that the composition 

G(R) + -»• G(A) -»• G(A°) A H, 

where the first map is induced by / and the second by the natural projection A — > A° (cf. Propo- 
sitions [2JT] and [2J3|) , coincides with p on a finite index subgroup T C G(R) + . Finally, in £j6j 
we observe that by the results of $2j the connected component B = A° is in fact a -fC-algebra in 
the situations considered in the Main Theorem, and a is a morphism of algebraic groups, which 
completes the argument. Examples 6.8 and 6.9 discuss how the Main Theorem implies the results 
of [28] and [18], respectively. 

Notations and conventions. Throughout the paper, <I> will denote a reduced irreducible root 
system of rank > 2. Unless explicitly stated otherwise, all of our rings are commutative and unital. 
We let G a = Spec Z[T] and G m = Spec Z[T, T~ l ] be the standard additive and multiplicative 
group schemes over Z, respectively. Also, as noted earlier, if R is a commutative ring, we say that 
the pair (<3?, R) is nice if 2 £ R x whenever $ contains a subsystem of type B2, and 2, 3 S R x if $ is 
of type G2. Finally, given an algebraic group H (resp., an algebraic ring A), we let H° (resp., ^4°) 
denote the connected component of the identity (resp., of zero). 

Acknowledgements. I would like to thank my advisor Professor G. Margulis for suggesting 
the topic of this paper and for many helpful discussions. I would also like to thank Professor 
A. Lubotzky for bringing to my attention the work of Shenfeld |28j . Finally, I would like to thank 
the referee for detailed suggestions that helped to improve the exposition. 

2. ON ALGEBRAIC RINGS 

Our proof of the main theorem relies on some basic results about algebraic rings. In this section, 
we discuss the notion of algebraic rings, establish some of their basic algebraic and geometric 
properties, and in some cases completely describe their structure. All of our algebraic varieties will 
be over a fixed algebraically closed field K. 
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Definition 2.1. An algebraic ring is a triple (A,a,fj,) consisting of an affine algebraic variety A 
and two regular maps a : A x A — > A and /j, : A x A — >■ A ( "addition" and "multiplication" ) such 
that 

(I) (A, a) is a commutative algebraic group (in particular, there exists an element Oa £ A 
such that q.(x,0a) = cx(0a,x) = x and there is a regular map l: A ^ A such that 
Q;(x,i(x)) = a(i(x),x) = 0/i, for all x G A); 

(II) /j,(iJ,(x,y),z) = fj,(x,/J,(y, z)), for all x,y,z G A ("associativity"); 

(III) /x(x, a(y, z)) = a(n(x, y),/j,(x, z)) and fi(a(x,y),z) = a(/j,(x,z),n(y,z)), for all 
x,y,z G A ( "distributivity" ) . 

An algebraic ring (A, a, /i) is called commutative if /i(x, j/) = A*(y, x), for all x,y £ A. 
The triple (.A, cc,/z) is an algebraic ring with identity if in addition to (I)-(III), we have 

(IV) there exists an element U Gi such that /j,(1a,x) = /x(x, 1a) = x, for all x £ A. 

As a matter of convention, all algebraic rings considered in this paper will be assumed to have an 
identity element. 

We will write x + y and xy for a(x,y) and fx(x,y), respectively, whenever this does not lead to 
confusion. 

Remark 2.2. Observe that it follows from condition (III) of the definition that for any a € A, the 
maps 

\ a : A ^s- A, x \-y n(a, x) 
and 

p a : A — > A, i4 /j,(x, a), 

are endomorphisms of the algebraic group (A, a). It is also clear from condition (II) that for all 
a, b G A, we have X ab = \ a ° h and p ab = p b o p a . 

Definition 2.3. Let (A, o;,/x) and (A',a',fj,') be algebraic rings. A regular map </?: A — > A' is 
called a homomorphism of algebraic rings if 

ip(at(x, y)) = a'(cp(x),tp(y)) and cp(/j,(x, y)) = /j,'(cp(x),ip(y)). 

If A and A' are rings with identity, we also require that 

ip(l A ) = 1a>- 

If if is in addition an isomorphism of algebraic varieties, then (p is called an isomorphism of algebraic 
rings. 

We begin with a description of the group of units A x of an algebraic ring A. 

Proposition 2.4. Let A be an algebraic ring. Then 

(i) The group of units A x is a principal open subset of A. 

(ii) The map A x — > A x , t \— > t^ 1 is regular. In particular, (A x , /j,) is an algebraic group. 

Proof, (i) Let p* : K[A] — > K[A] <Sir K[A] be the comorphism corresponding to the multiplication 
map /x: A x A — > A. Then, given / G -K"L4], we can write p*(f) = ^2si®ti with Si,U G -K"L4]. This 
means that 

f(xy) = ^2 Si(x)ti(y) 
for all x, y G A, and in particular, for any a G A, 

(1) W) = J>(a)*i- 
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It follows that the functions A„(/), a E A, span a finite-dimensional subspace of if [A]- Let f\, ■ ■ ■ , f r 
be a finite system of generators of K[A] as a if -algebra. Then the above argument implies that 

V := sp&n{\* a (fi) | a G A, i = 1, . . . , r} 

is a finite-dimensional subspace of K[A] invariant under all the A*. 

Let Vx,...,v n be a basis of V, and let {wj}j£j be a family of elements in K[A] such that 
B = {vi, . . . , v n } U {wj}j£j is a if -basis of if L4]. Let / G V. Writing the functions tj in ([I]) as linear 
combinations of elements of B, we find that there exist pi, qj € K[A] (i = 1, . . . , n, j G J) such that 
qj = for almost all j and 

n 

K(f) = ^2Pi(a)vi + ^2qj(a)wj 
i=\ j&J 

for any a £ A. Since V is A*-invariant, we see that qj = for all j. Thus, there exist pij € K [A] 
such that 

n 

(2) X* a (vj) = ^2pij(a)vi 

i=l 

for all a G A and all j = 1, . . . , n. Then X(a) = (pij(a)) is the matrix of the restriction £ a := A*|V 
with respect to the basis v±, . . . ,v n . The function x{ a ) '■= det X(a) is regular on A, and it is enough 
to show that A x coincides with the principal open set 

D( X ) = {a£A\ X (a) + 0}. 

For a G A x , the operator A*, hence also £ a , is invertible, so x( a ) ¥" 0) proving the inclusion 
A x C D{x). Conversely, suppose x( a ) ¥" 0. Then X a (V) = V, and therefore A*: K [A] ->■ if [A] 
is surjective. Since A is affine, regular functions separate points, so we conclude that A a : A — > A 
is injective. Let A be the connected component of 0,4 of the algebraic group (A, a). Since A a 
is an endomorphism of the latter, we see that X a (A°) is a closed subgroup of A° ([3], Corollary 
1.4). But the injectivity of A a implies that dimA a (^4°) = dimA°, so actually A a (^4°) = A . If 
A = L)f =l (ai + ^4°) is the decomposition into irreducible components, then 

X a (A) = uf =1 (X a (a i )+A°). 

By the injectivity of A a , the cosets A a (aj) + A° (i = 1, . . . , d) are all distinct, and therefore X a (A) = 
A. In particular, there exists b € A such that ab = 1. Then X a (ba) = a = A a (l), and therefore 
ba = 1. Thus, a G A x , as required. 

(ii) Let t £ A x . Then it follows from (|2|) that for each j = 1, . . . , n, we have 

ri 

vj(i) = X>i(*M(* -1 )- 

Now since t is a unit, the matrix X(t) = (pij(t)) is invertible, so we can express t>i(t~ 1 ), . . . , v n {t~ l ) 
as polynomials in Pij(t), i,j = l,...,n, and x(^) - = (detX(t)) -1 . Hence, since {v\, . . . ,v n } 
generate K [A] and A x = D(x)i it follows that the map A x — > A x , t t— > t _1 is regular, as claimed. 

D 

Our proof of the main theorem relies on computations, due to M. Stein [30J, of the group K<i 
of a semilocal commutative ring. We will now establish two properties needed for the application 
of Stein's results, viz., that connected algebraic rings are generated by their units (Corollary 12.51) . 
and that all commutative algebraic rings [j are semilocal (Lemma 12.81) . 



As the referee pointed out, most of the results in this section can be easily generalized to noncommutative 
algebraic rings. However, since only commutative algebraic rings arise in the proof of the Main Theorem (in fact, 
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IX 



Corollary 2.5. Let A be a connected algebraic ring. Then A = A x — A y 

Proof. Since A is connected, it follows from the proposition that A x is dense in A. So, for any 
a E A, we have (a + A x ) n A x ^ 0, and the required fact follows. □ 

We also note that Proposition 12,41 puts strong restrictions on algebraic division rings (i.e. alge- 
braic rings A in which A x = A\ {0}). 

Corollary 2.6. Let A be an algebraic division ring. Then dim A < 1. 

Proof. By Proposition 12.41 A x = D(x). The closed set V(x) '■= D(xY contains 0, hence is 
nonempty. By the Dimension Theorem, d\mV(x) > dinij4 — 1. On the other hand, V(x) = {0}, 
so dim A < 1. □ 

Algebraic rings arising in the proof of the main result come equipped with a homomorphism of 
abstract rings /: R — > A, where R is a given commutative abstract ring, such that f{R) = A, so 
we will establish a couple of results (Corollary 12.71 and Lemma [2.13p relating abstract properties of 
R and A. First, Proposition 12.41 yields the following 

Corollary 2.7. Let f : R — > A be an abstract ring homomorphism of an abstract commutative 
semilocal ring into a connected commutative algebraic ring such that f(R) = A. Then f(R x ) = A. 



Proof. Let mi, ... ,mt be the maximal ideals of R such that /(mi) = A, and let m^+i, . . . ,m n be 
all other maximal ideals. It follows from Proposition 12.41 that /(mi) n A x ^ for all i = 1, . . . ,£, 
and therefore /(mi • • • me) PI A x ^ 0. The assumption f(R) = A implies that /(mi ■ ■ ■ m^) is an 
ideal of A, so we conclude that /(mi • • -m^) = A. Now the fact that A is connected implies that 
V := A \ U£_g +1 /(mi) is a dense open subset of A, and therefore T := /(l + mi • • • m^) n V is dense 
in A. On the other hand, if x € 1 + mi • • • m^ is such that f(x) £ V, then x €" U" =1 tni, and therefore 
x £ R x . Thus, T C f(R x ), so the latter is dense in A. □ 

Next, we show that our description of A x enables us to prove that any commutative algebraic 
ring A is automatically semilocal as an abstract ring. Before formulating and proving this result, 
we observe that given an algebraic ring A and a closed 2-sided ideal a C A, the quotient A/a 
in the category of additive algebraic groups has a natural structure of an algebraic ring. Indeed, 
since o is a closed normal subgroup of the affine group (A, ex.), the quotient (A/a, ex) is an affine 
algebraic group ([3], Theorem 6.8), where ex: A/a x A/a — > A/a is the natural map induced by 
ex. Moreover, using the fact that o is a 2 -sided ideal of A, it is easy to see that the composite 

map A x A — > A — > A/a is constant on additive cosets modulo a x o, hence factors through 
(A x A) /(a x a) ~ A/ a x A/ a. The resulting map /i: A/ a x A/a —> A/ a and the map ex make A/ a 
into an algebraic ring. 

Lemma 2.8. Let A be a commutative algebraic ring. Then A is semilocal as an abstract ring. 

Proof. First, we observe that any abstract maximal ideal m C A is Zariski-closed. Indeed, if m is 
not closed, then since m is an ideal, we have m = A. Then it follows from Proposition 12.41 that 
m n A x ^ 0, which is impossible. 

Now let ttti, . . . ,m n be a collection of pairwise distinct maximal ideals of A. It follows from the 
Chinese Remainder Theorem that the canonical map 

A A A /mi x • • • A/m n 

is a surjective homomorphism of algebraic rings. If dim A/mi = 0, then A/mi is finite, and conse- 
quently mj D A°. Otherwise, dim^4/rrii > 1. The surjectivity of u now implies that n < r + dim A, 
where r is the number of maximal ideals of the finite ring A/A°, and the required fact follows. □ 



Chevalley groups of type other than A n cannot be defined over noncommutative rings), we limit our treatment, for 
the most part, to commutative algebraic rings. 
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We have been able to completely describe the structure of algebraic rings only in characteristic 
zero (see Proposition 12,14] ), However, some important structural information about algebraic rings 
(particularly commutative algebraic rings) can be obtained in any characteristic. These results 
depend on the artinian property, so we address this issue first. 

Lemma 2.9. Let A be a connected algebraic ring. Then A every right and every left ideal of A is 
connected and Zariski-closed, hence A is artinian as an abstract ring. 

Proof. We will only give the argument for left ideals as the proof for right ideals is completely 
analogous. Let a C A be a left ideal. For any ai,...,a n G o, the left ideal b C A generated 
by ai,...,a n is the image of the homomorphism of algebraic groups A n — > A, (x±, . . . ,x n ) i-> 
x\a\ + • • • + x n a n , and therefore is closed (|3j, Corollary 1.4) and connected. Pick oi, . . . ,a n £ a 
so that the corresponding b has maximum possible dimension. Then a = b. Indeed, let a £ a 
and b' = Aa + b. Then b' is a closed connected left ideal contained in a and b C b'. By dimension 
considerations, we conclude that b = b', so a € b. Thus, o = b, hence closed. Since A is a noetherian 
topological space for the Zariski topology (i.e. closed sets satisfy the descending chain condition), 
it now follows that A is artinian. □ 

Remark 2.10. We note that without the assumption of connectedness, the conclusion of the 
lemma may fail. For example, suppose K is an algebraically closed field of characteristic p > 0. 
Let Aq = K x K, with the usual addition and multiplication given by 

v{(xi,yi),(x 2 ,y2)) = (xiy2 + x 2 yi,yw2)- 

It is easily seen that Aq is a commutative algebraic ring with identity element (0,1). Then A = 
K x F p , where ¥ p is the prime subfield of K, is an algebraic subring of Aq. Now if S C K is any 
additive subgroup, then a = (S, 0) is an abstract ideal of A. Hence A is not artinian and not every 
ideal of A is Zariski-closed. 

Nevertheless, the artinian property does hold for commutative algebraic rings satisfying one 
additional condition, which we will now define. Let A be a commutative algebraic ring. The 
connected component A of (Li in (A, a) is easily seen to be an ideal of A. Consider the following 
condition on A: 

(FG) A is finitely generated as an ideal of A. 

It turns out that commutative algebraic rings satisfying (FG) possess a number of important 
structural properties. 

Proposition 2.11. Let A be a commutative algebraic ring satisfying (FG). Then 
(i) Every abstract ideal ideal a C A is Zariski-closed, and consequently A is artinian. 
(ii) We have the following direct sum decomposition of algebraic rings 

A = A°(BC, 
where C is a finite ring isomorphic to A/A° . 
The key step in the proof of the proposition is the following 

Lemma 2.12. Let A be a commutative algebraic algebraic ring satisfying (FG). Then A° is an 
algebraic ring with identity. 

Proof. Suppose A° = Aa\ H h Aa r . Write 

s 

A = \J( Ci + A°). 

i=l 
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Then 

(3) A° = \J (c il ai + --- + ci r a r + a), 

il,...,i r £{l,—,s} 

where a = A°a\+- ■ -+A°a r . Notice that being the image of the group homomorphism A x • • • xA° — > 
A , (xi, . . . , x r ) t-> x\a\ + • • • + x r a r , of additive groups, o is Zariski-closed. Since A° is irreducible, 
we conclude from ((3]) that o = A° . This means that for each i = 1, . . . , r, we have relations 

with s (z A°. Consider the matrix M = (5ij — Sij). Then 

\a r ) \ 

Multiplying the latter on the left by the classical adjoint of M shows that d = det(<5jj — Sjj), 
computed in A, annihilates every a^, hence all of ^4°. On the other hand, d = 1 — do for some 
do € A . Then for any x G A°, we have d$x = (1 — d)x = x, i.e. do is an identity for A°. □ 

Proof of Proposition \2.11\ (i) By the lemma, A is a connected algebraic ring with identity, so 
by Lemma 12.91 every abstract ideal of A° is Zariski-closed. If a C A is an abstract ideal, then 
Oo := a (~l A° is closed. But [a : do] < oo, so o is also closed. 

(ii) By Lemma |2.12| there is an identity element e G A°. It is clear that e is idempotent and that 
A = eA (since ^4° is an ideal). Therefore, we have the following direct sum decomposition 

A = A°eC, a ^ (ea, (1 - e)o), 

where C = (1 — e)A. Since [A : A°] < oo, C is a finite ring. 

An important class of examples of algebraic rings satisfying condition (FG) is obtained as follows. 

Lemma 2.13. Let f : R — >• A be an abstract homomorphism of an abstract commutative ring R 
into a commutative algebraic ring A such that f(R) = A. 
(i) If R is noetherian, then A satisfies (FG). 
(ii) If R is an infinite field, then A is connected 



Proof, (i) Since A° is open, for r = f~ 1 (f(R) fl A°), we have f(x) = A°. By assumption, R is 
noetherian and clearly r is an ideal, so we have r = Ru\ + - ■ -+Ru m . Then since Af{u\)+- ■ ■+Af{u m ) 
is closed and contains fix), we obtain A° = Af(u±) + • • • + Af{u m ). 

(ii) If A ^ A°, then f~ 1 (A°) would be a proper ideal of R of finite index, which is impossible. □ 

Suppose S is a finite-dimensional X-algebra. Then S has a natural structure of a connected 
algebraic ring. We say that an algebraic ring A comes from an algebra if there exists a finite 
dimensional .ff-algebra S and an isomorphism A ~ S of algebraic rings. Furthermore, we say that 
an algebraic ring A virtually comes from an algebra if A ~ A' © B, where A 1 comes from an algebra 
and B is finite. For such algebraic rings most of our previous results are immediate. On the other 
hand, it turns out that in characteristic zero, all algebraic rings virtually come from algebras. 

Proposition 2.14. Let A be an algebraic ring over an algebraically closed field K of characteristic 
zero. Then A virtually comes from an algebra. 

The proof relies on the following lemma which is true in any characteristic. 
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Lemma 2.15. Suppose A is an algebraic ring over an algebraically closed field K of any char- 
acteristic. Then A = A' © C, where A' is an algebraic subring of A consisting of all unipotent 
elements in (A, a), and C is a finite ring consisting of all semisimple elements. In particular, if A 
is connected, then A consists entirely of unipotent elements. 

Proof. Let A' and C denote the sets of unipotent and semisimple elements in (A, a), respectively. 
By ([3], Theorem 4.7), A' and C are closed subgroups of (A, a) and 

(4) (A,a)~(A',a\A')®(C,a\C) 

as algebraic groups. As we pointed out in Remark 2.2, for a fixed a € A, the maps A a : x i— > ax and 
p a '. x i— >■ xa are endomorphism of (A, a), so it follows from ([3j, Theorem 4.4(iv)), that aA', A' a C A' 
and aC, Ca C C. Thus, A' and C are 2-sided ideals of A and therefore the decomposition in (j4|) is a 
direct sum of rings with identity. Let us show that C is finite. Consider the map fj, c : C° x C — > C 
induced by the multiplication map /x. Applying ([3j, Proposition 8.10(iii)), we conclude that fJ.(s,t) 
is independent of s. Plugging in s = 0, we obtain that C°C = {0}. On the other hand, if lc* £ C is 
the identity in C (the projection of 1a to C), then s ■ lc = s for any s £ C. So C°C D C°. Thus, 
C° = {0}, and therefore C is finite. □ 

Proof of Proposition \2.14\ In view of the lemma, it remains to show that A' comes from a K- 
algebra. Since char K = 0, it follows from ([3], Remark 7.3), that there exists an isomorphism 
a: (A', a\A') — > (K n ,+) of additive algebraic groups, where n = dim A. It suffices to show that 
fi' : K n x K n — y K n , fx' = a o /j,\^i o a^ 1 , is i^-bilinear. It follows from condition (III) in Definition 
2.1 that 

fi / (mxi,X2) = mfjf(xi,X2) and fx {x\,mx-i) = miu,(xi,X2) 
for all x\,X2 € K n and m £ Z. Since Z C K is infinite and /x' is regular, we conclude that these 
equalities hold for all m £ K, verifying that /^' is bilinear. 

Remark 2.16. (1) In |17j . the authors give a proof of Proposition 12.141 for K = C using a 
topological argument. 

(2) It follows from Proposition 12.141 that condition (FG) always holds if char K = 0. More 
generally, for K of any characteristic, condition (FG) is equivalent to the fact that A° coincides 
with A°A° := {^aj6j | ai,bi £ ^4°}. Indeed, one implication follows from Lemma 12.121 while to 
prove the converse, one needs to mimic the argument of Lemma 12.91 

As the following simple example shows, the assertion of Proposition 12.141 may fail in positive 
characteristic. 

Example 2.17. Suppose K is an algebraically closed field of characteristic p > 0. Let A = K x K, 
with the usual addition, and multiplication given by 

A*((aJi,yi),(a?2,y2)) = (xix 2 ,x p 1 y 2 +x p 2 yi). 

It is clear that A is an algebraic ring with identity element (1,0). However, A is not a if-algebra. 
For example, the map K x {0} — > {0} x K, (x, 0) i-> /x((x, 0), (0, 1)) = (0, x p ) is bijective but not an 
isomorphism of algebraic rings. However, such a bijection would be an isomorphism in a if-algebra. 
The algebraic ring A in this example is related to an algebra as follows: let A = K x K, with 
the usual addition, and multiplication given by 

M(xi,yi), 0^2, 2/2)) = (xi»2, xryz + x 2 y\). 
Then the map (x,y) i— > x + 5y identifies A with the algebra K [6], 5 2 = 0, of dual numbers. On the 
other hand, the map A — > A, (x,y) t— > (x p ,y), is a homomorphism of algebraic rings, which is an 
isomorphism of abstract rings, but not an isomorphism of algebraic rings. 

As the referee pointed out, the truncated Witt vectors with coefficients in a field K of character- 
istic p > (cf. [27], Chapter II, §6) provide a series of similar examples of algebraic rings that are 
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not algebras. In this connection, we would like to formulate the following conjecture that would 
enable one to extend some aspects of the Main Theorem (in particular, part (2)) to the case of K 
of positive characteristic. 

Conjecture 2.18. Let A be a connected algebraic ring over an algebraically closed field K of 
characteristic p > such that pA = 0o Then there exists a finite- dimensional K-algebra A' and a 
surjective (maybe even bijective) homomorphism of algebraic rings p: A' — > A. 

We will now establish some structural results for commutative artinian algebraic rings that hold 
regardless of whether or not the ring (virtually) comes from an algebra. So, let A be a commutative 
artinian algebraic ring with identity, rrti , . . . , m r be its maximal ideals (note that A is semilocal by 
PQ, Proposition 8.3), and J = mi n • • • n m r be its Jacobson radical (recall that the mi's, hence 
also J, are Zariski-closed by Lemma |2.8[) . It is well-known (cf. [I], Theorem 8.7) that there are 
idempotents ei , . . . , e r £ A such that ei + • • • + e r = 1a, e^ej = for i ^ j, and Ai := eiA is a local 
commutative artinian ring with identity for each i = 1 , . . . , r. We have 

(5) A ~ Ai © • • • © A r: a !->• (eia, ... ,e r a), 

as algebraic rings. Furthermore, after possible renumbering, the ideal trij corresponds to A\ © • • • © 
m^ © • • • A r , where m^ is the unique maximal ideal of A{. 

Let now B be a local commutative artinian algebraic ring with maximal ideal n. It follows from 
Corollary 12.61 that dimB/n < 1. If diml?/n = 0, i.e. B/n is finite, then since there exists n > 1 
such that n n = {0} (pQ, Proposition 8.4) and each quotient n? /t\? +1 in the filtration 

(6) B D n D n 2 D • • • D n™" 1 D n n = {0} 

is a finitely generated -B/n-module (as it is an artinian module over the field B/n), we conclude 
that B itself is finite. Now, suppose dim .B/n = 1. Since B/n is an infinite algebraic division ring, 
it is automatically connected, so we can use the following. 

Proposition 2.19. Suppose (A,a,fi) is a one- dimensional connected commutative algebraic ring. 
Then (A, ex, /x) ~ (K, +, •) as algebraic rings. 

Proof. By Lemma 12.151 (A, a) is unipotent. Hence (A, ex) ~ G a by ([3], Theorem 10.9). To 
complete the proof, we need to describe the multiplication map /x. In any case, /x is given by a 
polynomial /x(x,y). Let m = deg x fi(x,y). Then by condition (II) in Definition 2.1, we have 

m 2 = degxMM^, y), z) = deg x fi(x, n(y, z)) = m. 

So, m is or 1. If m = 0, then since fj,(x, y) = fi(y, x), deg y fi(x, y) = 0, and therefore fi is constant. 
Hence /x = 0, and there is no identity, a contradiction. So, m = 1. Then also deg„/x(x,y) = 1, and 
therefore 

/j,(x, y) = axy + b(x + y) + c. 

The identities fj,(x, 0) = and /x(0, y) = force b = c = 0. Thus fi(x, y) = axy. Consider a: K — > K, 
o~(x) = ax. Then a(fi(x,y)) = a 2 xy = (ax) (ay). In other words, if we let n' : K x K — > K, 
fj,'(x,y) = xy, then the diagram 

K x K-^^K x K 

M ^' 

K >K 

commutes. Thus, a gives an isomorphism of algebraic rings (K, ex, fx) ~ (K, +, •). D 



See ([12], Remark 6) for an example of an algebraic ring where the exponent of the additive group is not equal 
to the characteristic of the field. Thus, this assumption cannot be omitted. 
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So, if dimi?/n = 1, then B/n ~ K with the natural operations. Combining this with the 
decomposition ([5]) and taking into account that J = m^ © • • • © m' r , we obtain the following 

Proposition 2.20. Let A be a commutative artinian algebraic ring with Jacobson radical J. Then 

(i) A ^ Ai © • • • © A r , where each A{ is a local commutative artinian algebraic ring; 

(ii) A/ J ~ (K, +, •)" © C where, n = dim Aj J and C is a finite algebraic ring; in particular, 
A/ J always virtually comes from an algebra. 

Finally, we would like to explain the requirement in Definition 2.1 that the algebraic variety 
underlying an algebraic ring be affine. Of course, any commutative algebraic group (A, a.) (in 
particular, any abelian variety) can be made into an algebraic ring satisfying conditions (I)- (III) 
of Definitions 2.1 by taking fi: A x A — > A, fj,(x,y) = Oa for all x,y € A. This ring, however, will 
not satisfy condition (IV) of the definition (unless it is trivial) . We will now show that only affine 
varieties can support the structure of an algebraic ring satisfying all of the conditions (I)- (IV). 

Theorem 2.21. Let A be an irreducible algebraic variety equipped with regular maps a: A x A — > A 
and fi: A x A — >• A satisfying conditions (I)-(IV) of Definition 2.1 (in other words, giving A the 
structure of an algebraic ring with identity). Then A is affine. 

The first step in the proof is to consider the case where A is complete. 

Lemma 2.22. Let Abe a complete irreducible variety equipped with regular morphisms a: Ax A — > 
A and fx: A x A — >• A satisfying conditions (I)-(III) of Definition 2.1. Then /i = Oa- 

The proof relies on the following well-known result from ([22J, Chapter 2). 

Lemma 2.23. (Rigidity Lemma, Form I) Let X be a complete irreducible variety, Y and Z any 
irreducible varieties, and f : X x Y — > Z a morphism such that for some yo E Y, f(X x {yo}) is 
a single point zq of Z. Then there is a morphism g: Y — > Z such that if p 2 - X x Y — > Y is the 
projection, f = g o p 2 . 

Now, to prove Lemma 12.221 suppose A is a complete irreducible variety with the structure of an 
algebraic ring. Since fi(A, Oa ) = {0a}i the Rigidity Lemma gives a morphism v. A — >• A such that 
fj, = v o p 2 . Thus fJ.(a,b) = v(b) for all a,b G A, i.e. /x is independent of a. Setting a = 0a, we 
obtain that n = Oa- 

Proof of Theorem \2.21\ We need to recall the following celebrated result of Chevalley [9] (see [TO] 
for a modern proof). 

Theorem 2.24. Let K be an algebraically closed field and G a connected algebraic group over K. 
Then there exists a unique connected normal affine closed subgroup H of G for which G/H is an 
abelian variety. 

Now let A be an irreducible variety equipped with regular maps a and fi satisfying conditions 
(I)-(IV) of Definition 2.1. By Chevalley's Theorem, there exists a closed connected affine subgroup 
o of (A, a) such that A/ a is an abelian variety (in particular, it is complete). Let us show that a is 
in fact a 2-sided ideal of A. For this, we need to prove that oaCo and aa C a for any a € A. We 
only give a proof of the first inclusion as the second one is proved completely analogously. 

By Remark 2.2, the map A a : A — > A is a morphism of algebraic groups, so oo is a closed 
subgroup of A. Moreover, it is affine. Indeed, let b = {x € a | ax = 0}. This is clearly a closed 
normal subgroup of a, so the quotient a/b is an affine algebraic group (PJ, Theorem 6.8). On 
the other hand, X a induces a bijective morphism a/b — > aa, and therefore oo is affine by ([3], 
Proposition AG 18.3). Hence a © aa is a connected affine algebraic group. 

Now let 7: affioa — » a + aa, (x,y) 1— > x + y. By condition (I) of Definition 2.1, this is a morphism 
of algebraic groups, so a + aa is a closed subgroup of A. We will now show that it is affine. Let 
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c = a n aa, embedded into a © aa via x i-> (x, —x). Clearly c is a closed normal subgroup of a © aa, 
so (affiao)/c is affine. But 7 induces a bijection (affiaa)/c — > a + aa, so as above, we conclude that 
a + aa is affine. Thus, (o + aa)/a is a closed, affine connected subgroup of the complete variety A/a 
([3], Corollary 6.9). Therefore, it consists of just a single point. In other words, aa C a, as needed. 
Thus, a is a 2-sided ideal of A, so as remarked before the statement of Lemma 12.81 we obtain 
an algebraic ring with identity (A/ a, a, fi). But A/ a is complete, so /i = (Lj by Lemma f2. 221 Since 
A/a contains an identity element, it follows that A = a, i.e. A is affine. 

3. An algebraic ring associated to a representation of G(R) + 

Let $ be a reduced irreducible root system of rank > 2, and let G be the corresponding universal 
Chevalley group scheme over Z (cf. [lj). Then, in particular, for every root a G <3?, we have a 
canonical morphism of group schemes e a : G a — > G, where G a = Spec Z[T] is the standard additive 
group scheme over Z. For any commutative ring R, the group of -R-points G(R) is the universal 
Chevalley group of type $ over R. Furthermore, for a £ <5, the morphism e a induces a group 
homomorphism R + — > G(R), which will also be denoted e a (rather than (e a )i?) whenever this does 
not cause confusion. Then e a is an isomorphism between R + and the subgroup U a (R) := e a (R) 
of G(R). The subgroup of G(R) generated by the U a (R), for all a E <3?, will be denoted by G(R) + 
and called the elementary subgroup ofG(R). 

Now let K be an algebraically closed field (of any characteristic), and let p: G(R) + — > GL n {K) 
be a finite-dimensional (abstract) representation. The goal of this section is to associate to p an 
algebraic ring A together with a homomorphism of abstract rings / : R —> A with Zariski-dense 
image that satisfy some natural properties. This construction, which relies on explicit computations 
with Steinberg relations in G(R) + , was described in [T7] for groups of type A2. The following 
theorem generalizes it to groups of all types, with some minor restrictions on R in the cases where 
<]? contains roots of different lengths. 

Theorem 3.1. Let & be a reduced irreducible root system of rank >2,G the corresponding universal 
Chevalley group scheme, and R a commutative ring such that ($,-R) is a nice pair\2- Then, given 
a representation p: G{R) + — > GL n {K), there exists a commutative algebraic ring A with identity 
together with a homomorphism of abstract rings f : R —> A having Zariski-dense image such that 
for every root a € <3?, there is an injective regular map ip a : A — > H into H := p(G(R) + ) (Zariski 
closure) satisfying 

(7) p(e a (t)) = Mf(t))- 
for all t G R. 

We begin with some simple reductions. First, suppose we have been able to construct an algebraic 
ring A and a ring homomorphism / : R — )• A with Zariski-dense image such that a regular map 
ip ao : A —7- H satisfying ([7]) exists for some root ao € <3?. Then regular maps ip a : A — >• H satisfying 
([7]) exist for all roots a G $ having the same length as ao- Indeed, it is well-known (e.g., see [II] . 
10.4, Lemma C) that the Weyl group VF( < 1 ) ) of $ acts transitively on roots of each length. So, it 
follows from [29], 3.8, relation (R4), that there exists w € G(R) + such that 

(8) weaoitfw' 1 = e a {e(w)t) 

for all t € R, where e(w) € {±1} is independent of t. Now define tp a : A — > H by 
ip a (a) = p(w)ip ao (e(w)a)p(w)~ 1 = p(w)tp ao (ay M p{w)~ l . 



Recall that this means that 2 G _R X whenever $ contains a subsystem of type B2 and 2, 3 G -R x if <& is of type 



G 2 . 
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This is clearly a regular map, and then in view of ([8|), the fact that ([7]) holds for a?o implies that 
it also holds for a. Thus, it is enough to construct an algebraic ring A with a ring homomorphism 
/ : R —> A having Zariski-dense image such that a regular map ip a : A — > H satisfying ([7]) exists 
for a single root of each length in <3?. Furthermore, if all roots in $ have the same length, then $ 
contains a subsystem $' of type A 2 . Otherwise, <3? either contains a subsystem $' of type B 2 , or <& 
itself is of type G 2 , in which case we set $' = <&. In all three cases, $' contains a root of each length 
occuring in <J>, so it follows from our previous remark that it is enough to construct an algebraic 
ring A and a ring homomorphism / : R — )• A with f(R) = A such that ip a : A — > H satisfying ([7]) 
exists for a single root in <3>' of each length. Thus, we can assume without any loss of generality 
that <I> is of one of the types A 2 ,B 2 , or G 2 ■ 

Second, in each of these three cases, A will be constructed as A a : = p(e a (R)) for some root 
a S $. Letting a a : A a x A a — > A a denote the restriction of the product H x H — > H to A a , 
we observe that (A a ,a a ) is a commutative algebraic subgroup of H (in particular, it is an affine 
algebraic variety), and 

f a : (#,+)-> (A a ,a a ), t^p(e a (t)) 
is a group homomorphism with Zariski-dense image. Multiplication /1 : ixA->A will be defined 
in each case by ad hoc equations depending on the explicit form of the Steinberg relations. The 
verification of the fact that (A,a,fj,) is an algebraic ring in all three cases relies on the following 
simple observation. 

Lemma 3.2. Let A be an affine variety equipped with two regular maps a : A x A — > A and 
pi: A x A — > A. Assume that (A, a) is a commutative algebraic group and that there exists a 
homomorphism f : R —> A of an abstract commutative unital ring R into A such that f(R) = A 
and 

(9) f(t 1 +t 2 )= a (f(t 1 ),f(t 2 )) and f(t 1 t 2 ) = v(f(t 1 ),f(t 2 )) 

for all ti,t 2 £ R. Then (A,a,[i) is a commutative algebraic ring with identity. 

Proof. Condition (I) of Definition 2.1 holds by our assumption. To verify (II), we observe that Q, 
in conjunction with the fact that multiplication in R is associative, implies that the regular maps 

(3 1 : Ax Ax A^ A, px{x,y,z) = n(fJt(x, y),z), 

and 

(3 2 : Ax Ax A^ A, (3 2 (x, y, z) = fx(x, fi(y, z)) 
coincide on the Zariski-dense subset f(R) x f(R) x f(R) C Ax Ax A. It follows that they coincide 
everywhere, yielding (II). All other conditions (including the fact that 1a '■= /(1_r) is the identity 
element in A) are verified similarly. □ 

To complete the proof of the theorem, we will now consider separately the cases where $ is of 
type A 2 ,B 2 , and G 2 . 

Case I: $ OF Type A 2 (cf. [17J, Theorem 3) 

We will use the standard realization of $, described in [7], where the roots are of the form E{ — £j, 
with i,j G {1, 2, 3}, i 7^ j. We will write etj(t) to denote e a (t) for a = Si — £j. Set a = £\ — £3, and 
define A to be A a = p(e a (R)). As we observed earlier, (A, a) is a commutative algebraic subgroup 
of H, where a: A x A — » A is the restriction of the product in H to A. Furthermore, we let 
/ = f a : R — > A be the map defined by 1 1-> p{e a {t)). Clearly 

(10) cx(f(t 1 ),f(t 2 )) = f(t 1 + t 2 ) 
for all t\,t 2 € R. To define /x, we need the following elements 

W12 = ei 2 (l)e 2 i(-l)ei 2 (l) and w 23 = e 2 3(l)e 3 2(-l)e 2 3(l)- 
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It is easily checked that 

(11) W12 aiz{r)w 12 = e 23 (r), W2sexi{r)w^ = e 12 {r) 
and 

(12) [ei2(r),e 2 3(s)] = ei 3 (rs) 

for all r,s E R, where [g, h] = ghg~ l h~ l . Define the regular map /x: A x A — > H by 

/i(ai,a 2 ) = [p(w 2 3)aip{w 2 3y 1 , p{wi 2 y 1 a 2 p{wi2)}. 
It follows from relations (jXTJ) and (fT2|) that 

(13) »(f(h)J(t 2 )) = f(ht 2 ). 

Then, in particular, fj,(f(R) x f(R)) C f(R), implying that /x(j4 x A) C A, and allowing us to view 
/iasa regular map /x: A x j4 — >■ A. Using (|10p and (|13p and applying Lemma [3.21 we conclude that 
(A,a,fi) is a commutative algebraic ring with identity. Finally, by our construction, ([7]) obviously 
holds for the inclusion map ip a : A —> H, as required. 

Case II: <I> of Type B 2 

We will use the realization of <£ described in [7J as the set of vectors ±£i,±£2,±£x ± £2 i n U^ 2 ; 
where £1,62 is the standard basis of M 2 . Set a = £\ and /? = E\ + £2. As we remarked earlier, it is 
enough to construct an algebraic ring A with a ring homomorphism / : R — > A having Zariski-dense 
image, and regular maps ip a : A —) H and if) 3: A — y H satisfying d7J). In fact, we will show that 
one can take A = A a and / = f a . As in the previous case, for addition a, we simply take the 
restriction to A x A of the product H x H —■ H. To define the multiplication map /x, we need to 
work simultaneously with A a and An. 

Lemma 3.3. There exists an isomorphism -k : A a — > Ap of algebraic varieties such that irof a = fp. 

Proof. Define tt : A a — > H by 

n(x) = [x,f £2 (l/2)] 
(recall that by our assumption, 1/2 € R). The commutator relation 

(14) [e £1 (s),e £2 (t)] = e £1+£2 (2st) 
shows that ir(p(e £l (r))) = p(e £l+£2 (r)), i.e. 

(15) 7r(/ a (r)) = fp(r) 

for any r £ fi. In particular, ir(f a (R)) C fp(R), and since 7r is obviously regular, we obtain that 
Tr(A a ) C Aq. The inverse map z^: Ap — > A a is constructed as follows. Recall the following standard 
notations from ([32], Chapter 3): for t € R x and any 7 G <£, 

u> 7 (£) = e 7 (i)e_ 7 (— £~ )e 7 (t) and /i 7 (i) = w 7 (i)u> 7 (— 1). 

Now for y € Ap, set 

v{v)=p{h £l+£2 {l/2))[y,f_ £2 {l)][y,f^ £2 {-l)]- 1 p{h £l+£2 {l/2))- 1 . 

This clearly defines a regular map ^ : Ap — > if. By direct computation, we have 

[eei+ea(*)» e -ea( s )] = e £l (ts)e £l _ £2 (-ts 2 ) 
for all s,i £ R. Letting s = ±1 and using the fact that e £l (s) and e £l - £2 (t) commute, we obtain 

[e £1+£2 (t),e- £2 (l)][e £1+£2 (t),e_ £2 (-l)] _1 = e £l (2t). 
Combining this with the relation 

(16) h £l+£2 {l/2)e £l {t)h £l+£2 (l/2)- 1 =e £l (t/2). 
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shows that 

(17) HMr)) = fa(r), 

hence v(fp(R)) C f a (R) and v{Ap) C A a . It follows from (fT5J) and (flTj) that v o n and % o u are 
the identity maps of f a (R) and fp(R), respectively, soi/ = 7T" 1 . Also, by (fl"5|) . 7r is as required. □ 

We now define //: A x A -> if, where ^4 = A a , by 

/*(«,«) = i/([u,u"]), 



where for v € A we set 
and 



U , = p(^(l/2))7;p(^(l/2))- 1 
u" = p(ii7_ ei+e3 (l))i/p(u;_ ei+€a (l))- 1 , 



and i/ is the inverse of the map 7r constructed in Lemma [3 .31 The relations (|14|) and (|16|) . combined 
with 



w. 



S1+E2 



(^e^w^+^l)' 1 = e £2 (t) 



show that 

(18) KUr),f a (s)) = f a (r S ). 

In particular, fi s (f a (R) x f a (R)) C f a (R), implying that /x(.A x A) C A, and allowing us to view 
\x as a regular map /i: ^4 x ^4 — > A. The fact that f a is additive and satisfies (|18p enables us to 
apply Lemma 13.21 to conclude that (A, a,/i) is an algebraic ring. Furthermore, the inclusion map 
ip a : A — > H is as required. Finally, we define ipg : A — > H to be ijjg = tt o ^ a . Then it follows from 
Lemma 13.31 that ^ satisfies ([7]). 

We note that using the maps tt and z/ introduced in the proof of Lemma 13.31 one can directly 
define a multiplication fio on Ap by setting 

t*p(a,b) =iv(fj,(u(a),u(b))), 

so that A/j also becomes an algebraic ring. 

Case III: <3? of type G 2 

We will use the realization of $ described in [11] : one can pick a system of simple roots {k, c} in 
$, where k is long and c is short, and then the long roots of <£ are ±fc, ±(3c + fc), ±(3c + 2/c), and 
the short roots are ±c, ±(c + fc), ±(2c + k). Set a = fc and /3 = 2c + k. Since the long roots of <& 
form a closed subsystem of type A 2 (cf. [H], 19.4), it follows that A = A a is an algebraic ring, 
/ = f a is a ring homomorphism i? — )• yl with Zariski-dense image, and ([7]) holds if ip a : A — > H is 
the inclusion map. To construct ipg: A ^t H that also satisfies ([7]), we need the following analogue 
of Lemma F 



Lemma 3.4. There exists an isomorphism of algebraic varieties x: A a — > Ap such that xo/ a = fa. 

Proof. The following explicit forms of the Steinberg commutator relations were established in (|llj. 
Theorem 1.1): 

(19) [e k (s),e c (t)] = e c+ k(eist)e2c+k(£2st 2 )e 3c+ k(s3st 3 )e 3c+ 2k(£4:S 2 t 3 ), 

(20) [e c+ k{s),e 2c +k{t)] = e 3c+2 k(3e 5 st), 

(21) [e 3c+k (s),e k (t)] = e 3c+2 k(£6st), 
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where e, = ±lj_j Using (|19|) . we obtain 

[efc(s),e c (l)][efe(s),e c (-l)] = 

= e c+k (e 1 s)e2c+k(£2s)e 3c+k (e 3 s)e 3c+ 2k(£4,s 2 )e c+k (-e 1 s)e 2 c+k(£2s)e 3c+k (-e 3 s)e 3c+ 2k(-£4S 2 ). 
Since the terms e 3c+k {— e 3 s) and e 3c+ 2 k {— e^s 2 ) commute with all other terms, the last expression 
reduces to 

e-c+k{£is)e2c+k{£2s)e c+ k{-Eis)e2c+k{£2s), 
which, using (|2Q|) . can be written in the form 

e 3c +2k(3e 5 EiE2S 2 )e2c+k(2£2s). 

Let w\ = w c (l) G G{R) + . Then it follows from ([29j, 3.8 relation (R4)), that wie^w^ 1 = 
&3c+k(Es), where e = ±1. Set 7 = 3c + 2k and 5 = c. Then 

< k,j >= 1 =< 2c + k,6 >, 

so for any r G i? x 

/i 7 (r)e fc (s)/i 7 (r)~ 1 = e k (rs) 

and 

/i5(r)e 2c +fc(s)/i5(r) _1 = e 2c +k(rs). 
by ([29j. 3.8 relation (R6)). Since by our assumption 2 G i? x , we can define >c' : A a — > H by 

x'(u) = [/9(wi)np(wi) _1 ,p(/i 7 (-3eeie2e5e6))^p(^7(-3eeie2e5e6)) _1 ][^, /c(l)][-u,/c(-l)] 

and then consider x: ^4 a — > H given by 

x{u) = p{h 5 {e2/2))x'{u) P {h s {E2/2))-\ 

Then k is obviously a regular map, and the above computations imply that k o f a = fp, hence 
x{f a {R)) C fp(R) and x(A a ) C Ap. 

The inverse map 9: Ap — > A a is constructed as follows. Applying an appropriate element of the 
Weyl group to (I20J) . we obtain 

[e- c (s),e c+k (t)} = e fc (3e 7 st), 

with ej = ±1. Set 1V2 = w 3c+k (l). Then W2e2 C +k(s)w2 = e -c(^'s), with e' = ±1. Since 3 G R x , we 
can define a regular map : Ap — > H by 

0(u) = p(/ Ja (e , e 7 /3))[p(w;2)u / 9(u; 2 )- 1 ,/ c+fc (l)] / 9(/ Ja (e / e 7 /3))- 1 . 

Then by our construction o fp = f a} implying that 9{Ap) C A a . The compositions 9 x and xofl 
are clearly the identity maps of f a (R) and f)s(R), respectively, hence # = x _1 . □ 

It follows from the lemma that ipp := x o ip a satisfies ([7|), as required. 

As in Case II, we note that using the maps *c and 9 introduced in the proof of Lemma 13.41 we 
can define a multiplication map fj,a on Ap by setting 

Hp(u,v) = x(n(9(u),9(v))), 

and then Ap becomes an algebraic ring. 

Remark 3.5. The referee has suggested the following uniform interpretation of the construction 
of the isomorphism between A a and Ap in Lemmas 13.31 and 13.41 first one finds a word S a p in 
the free group such that S aj p(e a (t),gi, . . . ,g r ) = ep(t) for all t G R, where g\,...,g r are some 
fixed elements of G(R); then, the isomorphism of algebraic varieties A a —> Ap is given by x 1— > 



In the proof of Theorem 28 in [32] , the precise signs are computed for certain pairs of roots, but these may change 
under the action of the Weyl group. 
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S a ,/3(x, p(gi), ■ ■ ■ ,p(g r )). Using these isomorphisms, one can then give a similar interpretation of 
the definition of the product operation. 

4. Steinberg groups 

The next step in the proof of the Main Theorem involves Steinberg groups, so we begin by 
recalling their definition. As in § O let $ be a reduced irreducible root system of rank > 2, let 
G be the corresponding universal Chevalley group scheme, and e a : G a — > G be the one-parameter 
subgroup associated with a G <£. Suppose S is a commutative ring. It is well-known (cf. [32J, 
Chapter 3) that the elements e a {s), for a G <3? and s £ S, satisfy the following relations: 

(22) e a (s)e a (t) = e a (s + t) 
for all s,t G S and all a G $, and 

(23) K(s),e fi (t)] = n e -+^(<>^')> 

for all s,t G S and all a, j3 G 3>, /? 7^ —a, where the product is taken over all roots of the form 
ia + jf3, i,j G Z + , listed in an arbitrary (but fixed) order, and the N^ J g are integers depending only 
on <I> and the order of the factors in (J23H . but not on the ring S. 

Definition 4.1. The Steinberg group G(S) is the group with generators x a (t), for all t G S and 
a G <£, subject to the relations 

(Rl) x a (s)x a (t) = x a {s + t) 

(R2) [x ol { S ),xp{t)] = Y[x ia+j p{N i £ B s i P), 

where N^ J g are the same integers as in (|23p . 

It follows from the definition and the relations (|22p and (|23|) that there exists a surjective group 
homomorphism 

7T S :G(S)^G(S) + , x a (t)^e a (t). 
Let 

-fC 2 ( c &,5') = ker^s. 
We note that the pair (G(S),tts) is functorial in the following sense: given a homomorphism of 
commutative rings / : S — > T, there is a commutative diagram of group homomorphisms 

G(S) — ^ G(T) 



7T.S 



7TJ- 



G(S) + — *—> G(T)+ 

where F and F are the natural homomorphisms induced by /, i.e. that map the generators as 
follows: F: e a (t) i-s> e a (f(t)) and F : x a (t) i-)- x a (f(t)). 

The goal of this section is twofold: first, for a given representation p: G(R) + — > GL n {K) and the 
associated algebraic ring A (cf. § [3j) , we want to construct a representation f: G(A) — > GL n (K) of 
the corresponding Steinberg group such that x a (a) \-> tp a (a) for all a G A, where ip a is the regular 
map from Theorem 13 .1| second, we would like to investigate the structure of G{A). 

Proposition 4.2. Let (&,R) be a nice pair, K an algebraically closed field, and p: G{R) + — >■ 
GL n (K) a representation. Furthermore, let A and f : R — )■ A be the algebraic ring and ring 
homomorphism associated to p that were constructed in Theorem \3.1[ Then there exists a group 
homomorphism f: G{A) — >■ H C GL n (K) such that f: x a (a) 1— > ip a (a) for all a G A and all a G <3?. 
Consequently, f o F = p o 7172, where F: G(R) —> G(A) is the homomorphism induced by f. 
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Proof. To establish the existence of f , we need to show that relations (Rl) and (R2) are satisfied 
if the x a (a)'s are replaced by i/> a (a)'s. First, let a = f(s),b = f(t), with s,t & R. Since p is a 
homomorphism and by Theorem 13.11 p o e a = ip a o /, we have, in view of (j22j) . that 

ip Q (a)if) a (b) = p{e a (t)e a (s)) = p(e a (t + a)) = ip a (a + 6). 

Thus, the two regular maps A x A — > H given by 

(a,b) i-> il) a (a)ij} a (b) and (a, b) \-> tp a (a + b) 

coincide on f(R) x f(R). The Zariski density of the latter in A x i implies that they coincide 
everywhere, yielding (Rl). 

Similarly, using (|23p . we see that the two regular maps A x A — > H defined by 

(a, b) ^ [V>a(a),#(&)] and (a, 6) i-> JJ ^ a+i/3 (iV^aV') 

coincide on /(i?) x f(R), hence on A x A, and (R2) follows. Finally, the maps f o F and p o 7Tr 
both send x a (s), s € -R, to ip a (f(s)) = p(e a (s)) = (p° ftR)(x a (s)), so they coincide on G(R). 

□ 

Thus, we obtain that the diagram formed by the solid arrows in 
(24) G(R) — ^ G{A) 

G(R)-^-> 




commutes. The crucial part in the proof of the Main Theorem is basically to show that f descends 
to a homomorphism r: G(A) — > H which makes the whole diagram commutative — the precise 
statement is somewhat more technical and will be given in fon Determining when such a r exists 
obviously requires information about K2(&,A) = ker-zr^, which we derive from results of M. Stein 
[30| . describing K~2(&, S) for a commutative semilocal ring S. To give precise formulations, we first 
need to recall some standard notations. For a G $ and tiGS x ,we define the following elements 
of (5(5): 

(25) w a (u) = x a {u)x- a {— u~ l )x a {u) and h a (u) = w a (u)w a (—l). 

Notice that the elements w a {u) = ns(w a (u)) and h a {u) = irs(h a (u)) coincide with the ones 
introduced in the proof of Lemma 13.31 Now, for u, v € S x , the Steinberg symbol {u, v} a is defined 
as 

{u, v} a = h a (uv)h a (u)~ 1 h a (v)~ 1 . 

We note that since the elements h a (t) are multiplicative in t ([32], Lemma 28), all Steinberg symbols 
are contained in K^{^, S). Moreover, by ( [30J , Proposition 1.3(a)), the Steinberg symbols lie in the 
center of G{S). Following Stein [30], given a nonempty subset P C S, we let Z[P] denote the 
subring of S generated by P. With these notations, we have 

Theorem 4.3. (cf. |30| . Theorem 2.13) Let $ be a reduced irreducible root system of rank > 2. If 
S is a commutative semilocal ring with S = Z[S X ], then K~2(&,S) is the central subgroup of G(S) 
generated by the Steinberg symbols {u, v} a , with u,v G S x , for any fixed long root a. 



Note that until §6, we treat G(A) as an abstract group; the structure of an algebraic group on G(A) will be 
discussed in §6, where it will also be shown that a map related to r is actually a morphism of algebraic groups. 
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Now our results in § [2] on the structure of algebraic rings immediately yield 

Corollary 4.4. Let A be a connected commutative algebraic ring. Then K2(&,A) is a central 
subgroup of G{A) generated by the Steinberg symbols {u, v} a foru,v € A x and any fixed long root 
a. 

Proof. Since A is connected, we have A = A x —A x (Corollary [23]), hence A = Z[A X ]. Furthermore, 
by Lemma f2.81 any commutative algebraic ring is semilocal as an abstract ring. Thus, the statement 
follows directly from Theorem 14.31 □ 

The centrality of K 2 {^, A) is critical for the proof of our main results. We first note the following 
finiteness statement. 

Proposition 4.5. Let S be a finite commutative ring and $ a reduced irreducible root system of 
rank > 2. Then G(S) and K2($,S) are finite. 

Proof. Even though this result is probably known, we failed to find a direct reference, so we give a 
complete proof. First observe that since G is a group scheme of finite type over Z and S is finite, 
the group G(S) is finite, so the finiteness of G(S) is equivalent to that of K 2 {^, S). Now, being 
finite, S is artinian, and consequently is a finite direct product of local artinian rings 

r 

s = Hs t 

1=1 
(cf. [1], Theorem 8.7). Then by ( [30J , Lemma 2.12), we have 

r 

K 2 ($,S) = l[K($,S i ), 
t=i 

which reduces the argument to the case of S a local ring. Since the condition S = Z[S X ] holds 
automatically for a local ring, we obtain from Theorem 14.31 that K 2 ($,S) is a central subgroup of 
G(S). Now, in the case that G(S) and G(S) are perfect groups (i.e. coincide with their commutator 
subgroups) , our result follows from the fact that the universal central extension of a finite group is 
finite (in other words, the Schur multiplier of a finite group is finite). In the general case, we will 
imitate the proof of the finiteness of the Schur multiplier. More precisely, we consider the exact 
sequence 

(26) 1 -> K 2 ($, S) -> G(S) -> G(S) + -> 1. 

and the corresponding initial segment of the Hochschild-Serre spectral sequence 

(27) H\G{S),Q/Z) -> H^KzfrS^Q/zfW -> H 2 (G(S)+,Q/Z), 

where all groups act trivially on Q/Z. Since G(S) is finitely generated, with every generator having 
finite order, the group 

G(,S) ab = G(S)/[G(S),G(S)] 

is finite. Since H l (G(S),Q/Z) is simply the dual group of G(S') ab , it is also finite. 

Next, let us show that H 2 (G(S) + , Q/Z) is finite. Let n = \G{S) + \. The short exact sequence 

->■ [in -> Q/Z ^\ Q/Z -+ 0, 

where \i n = ^Z/Z and xn denotes multiplication by n, gives rise to the following exact sequence 
of cohomology groups 

H\G(S) + ,n n ) ^ H 2 (G(S) + ,Q/Z) ^ H 2 (G(S)+,Q/Z). 
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It is well known that H 2 (G(S) + ,Q/Z,) is annihilated by multiplication by n (see, for exam- 
ple, 03|, Corollary 3.3.8), so H 2 (G(S)+, p n ) surjects onto H 2 {G(S)+ ,Q/Z). On the other hand, 
H 2 (G(S)+,p n ) is obviously finite, and the finiteness of H 2 (G(S) + , Q/Z) follows. 

Now we conclude that the middle term in (|27|) is finite. Since, as we noted above, K2($>,S) is 
central in G(S), this term coincides with the dual of -^2(^7 S). So, its finiteness implies that of 
K2(Q,S), as required. □ 

Turning now to algebraic rings, we obtain 

Proposition 4.6. Suppose A is a commutative algebraic ring over an algebraically closed field K 
and <& is a reduced irreducible root system of rank > 2. Assume that A satisfies (FG) if char K = 
p > 0. Then G(A) = G(A°) x P, where P is a finite group. 

Proof. Applying Proposition 12.141 if char K = and Proposition 12.111 if char K > (observe that 
the latter proposition applies since A is assumed to satisfy (FG)), we conclude that A = A x C, 
where C is a finite ring. So, by ([30], Lemma 2.12), we have 

G(A) = G(A°) x G(C), 

and by Proposition 14. 5\ P := G(C) is finite. □ 

Corollary 4.7. Suppose R is an abstract commutative ring and A is an algebraic ring over a field 
K such that there exists an abstract ring homomorphism f : R —> A with Zariski-dense image. 
Assume moreover that R is noetherian if char K > 0. Then G(A) = G(A°) x P, where P is a finite 
group. 

Proof. Note that if char K > 0, the fact that R is noetherian implies that A satisfies (FG) (see 
Lemma I2.13J) . So our assertion follows immediately from Proposition 14.61 □ 

Remark 4.8. Using Lemma 12.151 in place of Propositions I2.1T1 and [27L41 in the above arguments, 
one can show that for any commutative algebraic ring A, one has the following direct product 
decomposition 

(28) G(A) = G(A') x P', 

where A' is the subring (with identity) of A consisting of all unipotent elements and P' is a finite 
group. This can be viewed as a way to circumvent condition (FG) in the above statements. However, 
the structure of A' , and hence of G^'), is in general difficult to describe, so the usefulness of (|28j) 
in the investigation of (BT) is questionable. 

Corollary 4.9. Let ($,-R) be a nice pair. Assume that there is an integer m > 1 such that 
mR = {0}. Let K be an algebraically closed field such that char K does not divide m, and suppose 
moreover that R is noetherian if char K > 0. If p: G{R) + — > GL n (K) is an abstract representation, 
then p(G(R) + ) is finite. 

Proof. Let A and /: R — >■ A be the algebraic ring and ring homomorphism associated to p con- 
structed in Theorem 13.11 Then mA = {0} as mf(R) = {0} and f(R) is Zariski-dense in A. In 
particular mA° = {0}. Now recall that by Proposition 12.201 A /J is a iC-algebra, where J de- 
notes the Jacobson radical of A°. Then our assumption that m is not divisible by char K forces 
A J J = {0}, hence A° = {0}. Therefore, by Corollary [321 G(A) = P, a finite group. On the other 
hand, by Proposition 14.21 the representation p factors through G(A), which proves the finiteness of 
p{G{R)+). U 
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5. Passage to a subgroup of finite index 

As we remarked earlier, following Proposition 14. 2| our general strategy for completing the proof 
of the Main Theorem is to construct a homomorphism r: G(A) — >■ H which makes the diagram 
(|24p commute. We begin this section by making that idea more precise. So, as in previous sections, 
suppose <£ is a reduced irreducible root system of rank > 2 and R is a commutative ring such that 
(&,R) is a nice pair. Let K be an algebraically closed field, and assume that R is noetherian if 
char K > 0. Furthermore, let G be the universal Chevalley-Demazure group scheme of type <!?, and 
let p: G(R) + —> GL n (K) be a representation. By Theorem 3.1, we can associate to p an algebraic 
ring A and a ring homomorphism / : R — )• A with Zariski-dense image. Moreover, our assumptions 
imply that we can write A = A © C, with C a finite ring (in fact, a finite quotient of R) — see 
Propositions 12.111 and [2"TT4"1 Now recall that by Proposition ^. 21 there exists a group homomorphism 
f : G(A) — > GL n (K) such that f o F = p o 7Tr, where F : G(R) — > G{A) is the homomorphism of 
Steinberg groups induced by /, and ttr: G(R) — > G(R) is the canonical homomorphism. On 
the other hand, by Corollary WH\ G(A) = G(A°) x P, where P = G{C) is a finite group. So, 
r := F~ 1 (G(A°)) and T := 7Tfl(r) are subgroups of finite index in G(R) and G(R) + , respectively, 
and moreover F(T) C G(A°). Letting a denote the restriction of f to G(A°), we obtain that the 
solid arrows in 



(29) 



G(A°) 




form a commutative diagram. 

To prove the Main Theorem, we will show that under appropriate assumptions, there exists a 
group homomorphism a: G(A°) — >• H° making the full diagram (|29p commute. Observe that it 
follows from our definitions that if such a exists, then p: G(R) + —> GL n {K) coincides on V with 
the composition aoT, where T: G(R) + — > G{A°) is the group homomorphism induced by the ring 
homomorphism t: R — > A°, defined as the composition of /: R — > A with the canonical projection 
s: A^ A . 

In this section, we will show that such a homomorphism a exists if R is a semilocal ring (Propo- 
sition E2]). Later, in §6, we will prove that a also exists if H° is reductive or if char K = and 
the unipotent radical U of H° is commutative (and, more generally, if H° satisfies condition (Z) 
introduced below). Towards this end, we will establish in this section a weaker statement, viz. that 
in these cases there exists a homomorphism a: G{A°) — > H such that go-ka° = voa, where Z(H°) 
is the center of H°, H = H°/Z(H°), and u: H° —^His the canonical map (cf. Proposition 15.61) . 
Throughout this section, we will use the following result of Matsumoto: 

Lemma 5.1. (cf. [20], Corollary 2) Let <J> be a reduced irreducible root system of rank > 2 and let G 
be the corresponding universal Chevalley-Demazure group scheme. If S is a semilocal commutative 
ring, then G(S) = G(S) + . 

In particular, we see that G(A°) = G(A°) + since A is semilocal by Lemma 12.81 so the canonical 
homomorphism tta° '■ G(A°) — > G(A°) is surjective. Consequently, the existence of a is equivalent 
to the triviality of the restriction a: K 2 (^, A°) — >• H°. 

Proposition 5.2. Suppose R is a commutative semilocal ring. Then there exists a group homo- 
morphism a: G(A°) —> H° making the diagram (129p commute. Moreover, if char K = 0, then 
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B := A° is a finite- dimensional K -algebra, and a can be viewed as a homomorphism G(B) — > H° 
such that the composition a o T , where T: G(R) + — > G{B) is induced by t: R — > B, coincides with 
p on a subgroup T C G(R) + of finite index. 

Proof. Observe that by Corollary 12.71 t(R x ) is Zariski-dense in (^4°) x , where as above, t: R — >■ A° 
is the composition of the homomorphism / : R — > A with the projection s: A — > A . Let A = 
R x n f~ l (A° x {1}). Then A has finite index in R x , so since (A°) x is irreducible, we obtain that 
/(A) is Zariski-dense in (A°) x x {1}. Fix a long root a, and for u, v € A x , let {u,v} a denote the 
corresponding Steinberg symbol. Clearly 

f({u,v} a ) = H a (uv)H a (u)' 1 H^vy 1 , 

where for r£i x ,we set 

H a (r) = W a {r)W a {-l) and W a {r) = ^(^(-^^(r). 

Now by Proposition 12.41 t ne niap A x — > A x ,t h-> t _1 is regular, hence the map 0: A x x A x — > H, 
(u,v) i— >■ t({«, v}a) is also regular. On the other hand, as we noted earlier, for a, 6 € R x , we have 
h a (ab) = h a (a)h a (b) (sec |32j, Lemma 28). So. by Proposition 14.21 

f({/(o),/(6)}) = / 9(/ lQ (a6)/ iQ (a)- 1 / la (6)- 1 ) = 1 

for all a, b € i? x . Since the closure of f(R x ) in A x contains (j4°) x x {1}, it follows that f vanishes 
on ((A°) x x {1}) x ((^4°) x x {1}). But according to Corollary 14.41 ker 71^40 is generated by the 
Steinberg symbols {n, v } a for any fixed long root a G <£. Thus, a vanishes on ker tta° , implying that 
the required homomorphism a: G(A°) — >• H° exists. The fact that B := A is a finite-dimensional 
iC-algebra if char K = has already been established in Proposition I2.14( the remaining assertions 
follow. □ 

In particular, if R = k is an infinite field of characteristic / 2 or 3, then R is automatically 
semilocal, (&,R) is a nice pair, and G(R) + does not have any subgroups of finite index (since it 
contains no proper noncentral normal subgroups — cf. [34]), so Proposition 15. 21 proves the existence 
of the homomorphism a in (BT). Its rationality will be established in §6. 

To consider the cases when H° is reductive or when the unipotent radical U of H° is commutative, 
we will need some additional information about the structure of H°. We begin with 

Proposition 5.3. The group H° coincides with a{G{A°)) and is its own commutator. 

Proof. Let ip a : A — > H, a € $, be the regular map constructed in Theorem 13. 1L Then it follows 
from Proposition 14.21 that a{G{A°)) coincides with the (abstract) subgroup H C H generated by 
all the il) a {A°), with a G <£. Since ip a (A°) is clearly a connected subgroup of H, we have by ([3], 
Proposition 2.2) that % is Zariski-closed and connected, hence % C H°. Now by Corollary 14.71 
[G(A) : G(A°)] < 00, from which it follows that a{G{A)) is Zariski-closed. On the other hand, 
a(G(A)) contains p(G(R) + ), and therefore is Zariski-dense in H. Thus, a(G(A)) = H. So, H is 
a closed subgroup of finite index in H, hence H D H° and consequently H = H°, proving our 
first claim. For the second claim, recall that A° is semilocal by Lemma 12.81 Moreover, A° has no 
residue field isomorphic to F2. Indeed, first observe that A° is a connected commutative algebraic 
with identity — this is clear if char K = and follows from our assumption that R is noetherian and 
Lemmas 12.121 and 12.131 if char K > 0. Hence by Lemma 12.91 every abstract ideal I C A° is Zariski- 
closed, and therefore, the canonical map A — > A/ 1 is a morphism of algebraic rings ([3], Theorem 
6.8). Thus, the fact that A° is connected implies that it has no finite quotient rings, in particular 
no residue field isomorphic to F2. So, since rank $ > 2, it follows from (|29j, Corollary 4.4), that 
G{A°) coincides with its commutator subgroup. Hence the same is true for H° = a{G{A°)). □ 
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Corollary 5.4. If H° has a Levi decomposition^ H° = [/»S, where U is the unipotent radical of 
H° and S is reductive, then S is automatically semisimple. In particular, if H° is reductive, then 
it is semisimple and hence the center Z(H°) is finite. 

Proof. Since H° = [H°,H°], we have S = [S,S], so S is semisimple ([3], Corollary 14.2). In 
particular, if H° is reductive, then H° = S is semisimple, hence Z(H°) is finite. □ 

As in the corollary, let U be the unipotent radical of H° and Z{H°) be the center of H°. To 
give uniform statements of some results in §6, we introduce the following condition on H°: 

(Z) Z(H°) n U = {e}. 

Proposition 5.5. 

(i) Suppose H° satisfies (Z). Then Z(H°) is finite. Moreover, if char K = 0, then Z{H°) is 

contained in any Levi subgroup of H° . 
(ii) Assume that char K = and that U is commutative. Then H° satisfies (Z). 

Proof, (i) The quotient H° /U is a reductive algebraic group that coincides with its commutator, 
so Z(H°/U) is finite by Q3J, Corollary 14.2). On the other hand, by (Z), the restriction to Z(H°) 
of the canonical map H° —> H° /U is injective, from which the finiteness of Z(H°) follows. Now 
suppose char K = 0, and let S be any Levi subgroup so that H° = U x S. Since Z{H°) is a finite 
abelian group, it is reductive, and therefore a suitable conjugate of it is contained in S (cf. [21J). 
So, being central, Z(H°) itself is contained in S. 

(ii) Let H° = U x S be a Levi decomposition of H°. It follows from Remark 7.3 in [3] that 
since char K = 0, we have U — (K m , +) where m = dimf/, and then the action of S on U yields 
a rational representation of S on K m . To simplify notation, we will identify U with K m for the 
rest of the proof. By Weyl's Theorem , the representation of S on U is completely reducible (see 
[14] . Theorem 6.3 and [E], Theorem 13.2), and the fact that H° = [H°, H°] implies that it cannot 
contain the trivial representation. Thus, U has no nonzero vectors fixed by the action of S, and 
consequently Z(H°) D U = {e}. □ 

Now set H = H°/Z(H°). Since Z(H°) is a closed normal subgroup of H°, by ([3], Theorem 6.8), 
H is an algebraic group and the canonical map v. H° —^Hisa morphism of algebraic groups. 
We let p = v o p. Since H° = a(G(A°)) by Proposition 15.31 an d K2($,A°) = ker7r^o is a central 
subgroup of G{A°) by Corollary 14.41 it is clear that a descends to a homomorphism a: G(A°) — > H 
such that aoiiA° = v°cr. We will now use this observation, in conjunction with our previous results 
on algebraic rings, to prove the following: 

Proposition 5.6. If either char K = or H° is reductive, then B := A° is a finite- dimensional 
K-algebra, and a can be viewed as a homomorphism G{B) — > H such that the composition a o T, 
where T: G(R) — > G(B) is induced by t: R — > B, coincides with p on a subgroup T C G(R) + of 
finite index. 

We begin with the following 

Lemma 5.7. Lett be the nilpotency class ofU. If J is the Jacobson radical of A°, then J* +1 = {0}. 
In particular, if H° is reductive, then J = {0}. 



Recall that H° always has a Levi decomposition if char K = (cf. |21] ) 
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Proof. Let A = A°/J. We have the following commutative diagram 

G(A°) — 7 -^ G(A) 

G(A°) -?—> G{A) 

where 7 and 5 are induced by the canonical map A° — > A. It follows that for M := ker7, we have 
tta°(M) C N := ker5. On the other hand, there is an embedding G ^-?> GL d as group schemes over 
Z (cf. [4], 3.4), and then N = G(A°) n GL d (A°, J), where GL d (A°, J) is the congruence subgroup 
modulo J. It is well-known, and easily seen by direct computation, that for s, t > 1 we have 

[GL d (A°, J s ),GL d (A°, J 4 )] C GL d (A°, J s+t ). 

Since A° is artinian by Lemma r2.9l J is nilpotent (see [I], Proposition 8.4), implying that GL d (A°, J) 
is a nilpotent group. But ker^o is central in G(A°), so we conclude that M is nilpotent. 

On the other hand, M coincides with the normal subgroup of G(^4°) generated by the x a (a), 
with a G J and a G $. Since J is connected by Lemma 12.9^ we see that a{M) is Zariski-closed, 
connected, and nilpotent. These facts imply that a(M) is contained in the radical of H°; but since 
H° = [H°,H°], the radical coincides with the unipotent radical, and therefore a{M) C U. Now if 
we denote by C l T the i-th term of the lower central series of a group T, then it follows from the 
Steinberg commutator relations that there is a root a G $ such that x a (J l ) C C* _1 M for each 
i > 1. Indeed, if all roots of $ are of the same length, then the Steinberg commutator relations 
have the form 

[x a (s),xp(t)] = x a+/3 (est), 

with e = ±1. Since the Weyl group acts transitively on roots of the same length, it is clear that 
we have the required inclusion for any root a. Furthermore, if $ is of type G2, then the long roots 
form a subsystem of type A2, so the inclusion holds in this case as well. Finally, suppose that $ is 
of type B2 ■ Keeping the same notations as in £}3j we have 

(30) [x £l (s),x £2 (t)] = x £l+£2 (2st). 

Since 2 G (^°) x , we obtain that x £l+£2 (J 2 ) C [M,M] = C l M. Similarly, we have 

[Xej+eii^iX-Siis)} = X £l (ts)x £l - £2 (-tS 2 ), 

so that 

(31) [x ei+£2 (t),x_ e2 (s)]([x ei+£2 (t),x_ £2 (-s)]) _1 = x £l {2ts). 

Hence x £l (J 2 ) C [M,M] = C X M. Now suppose by induction that £ ei+ea (J i ),x ei (J i ) C 0~ X M. Let 
s G J\teJ. Then (jSUJ) shows that x £l+£2 (2st) G [C i_1 M,M] = CM, hence x £l+£2 (J m ) C CW. 
Similarly, (I3ip gives us that x £l (J* +1 ) C C*M, as required. 

So, if C £ U = {1}, we have ip a (J e+1 ) = {1} (cf. Proposition 14. 2p . But the maps ip a are injective 
(cf. Theorem 13. ip . so we obtain that J i+l = {0}, as claimed. □ 

Proof of Proposition UTR The fact that B := A° is a finite-dimensional X-algebra if char K = has 
already been established in Proposition 12.141 Now suppose that H° is reductive. Then, according 
to the lemma, we have J = {0}, and B is a finite-dimensional X-algebra by Proposition 12.201 The 
remaining assertions follow. 
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6. Rationality 

In this section, we will complete the proof of the Main Theorem (cf. Theorem I6.7P by first 
showing that the abstract group homomorphisms a: G(B) — > H° and a: G(B) — > H constructed 
in Propositions 15.21 and 15.61 respectively, are in fact morphisms of algebraic groups, and then by 
lifting a in the latter case to a morphism of algebraic groups a: G(B) — y H° that makes the 
diagram (|29p commutative. 

Note that in the statements concerning the rationality of a and a, we are implicitly using the fact 
that the functor of restriction of scalars Rb/k enables us to endow G(B) with a natural structure of a 
connected algebraic group over K. We refer to ([12] . Chapter I, §1, 6.6) and ([23], Appendices 2 and 
3) for a general discussion of restriction of scalars. In the present context, all we need is that since 
B is a finite-dimensional .ff -algebra, Rb/k(G) (or more precisely Rb/k(bG), where bG is obtained 
from G by the base change Z <— » B) is an algebraic -ff -group such that R b /k{G){K) can be naturally 
identified with G(B), yielding a structure of an algebraic .ff-group on the latter. Also note that for 
each root a £ f , we have a morphism R B /K( e a) '■ Rb/kH^o) —> Rb/k(G). Now, RB/K(^a)(K) ~ B 
is an irreducible X-variety. On the other hand, since B is a finite-dimensional K-algebra, it 
follows from Lemma ED that G(B) = G(B) + , i.e. the images i?5/^(e Q )(i?s/A"( ( Ga)(-^)) generate 
Rb/k(G)(K). Using ([3], Proposition 2.2), we conclude that G(B) is a connected algebraic group 
over K. 

We now need to introduce some additional notations that will be used later. As above, let <3? 
be a reduced irreducible root system of rank > 2, and let G be the universal Chevalley-Demazure 
group scheme of type $. For the remainder of this section, we fix an ordering on <£, and let <I> + 
and < 5 _ denote the corresponding subsystems of positive and negative roots, respectively; also, let 
II C <5 + be a system of simple roots. Set m = |$ + | = |$~ |, and £ = \Ii\. Next, let U + and U~ be 
the standard subschemes associated to <I> + and <3? _ , respectively, and let T be the usual maximal 
torus (cf. [8], §4). 

Now suppose R is a commutative ring such that ($, R) is a nice pair and that K is an algebraically 
closed field. Throughout this section, we will assume that R is noetherian if char K > 0. Given a 
representation p: G(R) + — > GL n (K), let A be the algebraic ring associated to p (Theorem 13. ip . In 
this section, we will assume that B := A° is a finite-dimensional -fC-algebra, so that G(^4°) = G(B) 
has a natural structure of a connected algebraic -fC-group, as explained above. We note that B 
is indeed a finite-dimensional .ff-algebra if either char K = or H° is reductive (see Proposition 
15. 6p . which are precisely the cases needed to complete the proof of the Main Theorem. As a matter 
of convention, whenever we need to emphasize that we are working with the maps involving A° 
constructed in ^J5j we will use the notation G{A°) rather than G{B). 

We begin with the following lemma, which describes the "big cell" of G{B). 

Lemma 6.1. The product map p : U~ x T xU —> G gives an isomorphism onto an open subscheme 
0, C G over Z. Consequently, if B is a finite- dimensional K-algebra, then Q(B) is a Zariski-open 
subvariety of G(B). 

Proof. By ([1], Lemma 4.5), p is an isomorphism onto a principal open subscheme f2 C G defined 
by some d € Z[G] (which is in fact a matrix coefficient of the m.-th exterior power of the adjoint 
representation). It follows that 

n(B) = {g£G(B)\d(g)£B*}. 

Since d: G(B) — > B (or, more precisely, R B /K(d)) is a regular map of algebraic K- varieties, and 
B x C B is Zariski-open by Proposition 12.41 we obtain that £l(B) is an open subvariety of G(B), 
as claimed. □ 
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As a first step in proving that the homomorphisms a and a are regular, we will now show that 
their restrictions to Q(A°) are regular. 

Lemma 6.2. Let a: G(A°) — > H° and a: G(A°) — > H be the group homomorphisms constructed 
in Propositions [57B and [57b\ respectively. Then their restrictions a\ci<A°) an d &\n(A°) to Q(A°) are 
regular. 

Proof. Recall that there exist isomorphisms of group schemes over Z 

u + :{G a ) m ^U, u~: (G a ) m ^ U~ , and uj:{G m f^T 
such that for any commutative ring R, we have 

w + (Cu a )ae$+) = Y[ e a(u a ), 0J~((u a ) ae <^-) = Y\ e a (u a ), and oj((t a ) ae u) = J\ h a{t a ), 

where the roots in <3? + and 3> _ are listed in an arbitrary (but fixed) order (cf. [8], §4). Let 

0: (G a ) m x (G m y x (G a ) m -> G 
be the composition of the isomorphism 

lj- x u x u+ : (G a ) m x (G m )^ x (G a ) m -> U~ x T x [/ 

with the product map p : U~ xTxf/->G. Then it follows from Lemma fo.ll that is an isomorphism 
onto the Zariski-open subscheme ficG, and consequently induces an isomorphism of K- varieties 

9 A o : (A°) m x ((A°) X Y x (A°) m -> fi(A°). 

Next, let ^ Q : A — > H , a € $, be the regular maps constructed in Theorem 13. 11 and H a : (A°) x — > 
H, a £ $, be the regular maps introduced in the proof of Proposition 15.21 Define the regular map 

k: (A°) m x ((A°) X Y x (A°) m -> ff 
by 



n ^K)i • (n^c**)) • ( n ^ 



^«e<&- J \«en / yae* -1 

By our construction, a(e a (a)) = tp a (a) for any a £ A° and all a & <£, and consequently (<r(/i a (a)) 
H a (a) for all a € (A°) x and a € $. Thus we have the following commutative diagram 

(A°) m x ((A°) X Y x (A°) m 



G(A°) d n(A°) 

Since k is regular and 6 is an isomorphism of algebraic varieties over K, we conclude that o~\q(a°) 
is regular. A similar argument shows that o"|qmo) is regular. 

□ 

We can now prove 

Proposition 6.3. The homomorphisms a: G{B) — > H° and a: G{B) —?■ H constructed in Propo- 
sitions [57B and [57S\, respectively, are morphisms of algebraic groups. 

Indeed, as we remarked above, under the hypotheses of Propositions 15.21 and 15.61 G(B) is a 
connected algebraic group over K. Thus, the proposition follows immediately from Lemma [6 .21 and 
the following (elementary) 



REPRESENTATIONS OF CHEVALLEY GROUPS 27 

Lemma 6.4. Let K be an algebraically closed field and let 9 and 9' be affine algebraic groups over 
K, with 9 connected. Suppose f: 9 — > 9' is an abstract group homomorphisn\\and assume there 
exists a Zariski-open set V C 9 such that tp := f\y is a regular map. Then f is a morphism of 
algebraic groups. 

Proof. Clearly, since / is a group homomorphism, given x, y G V such that xy G V, we have 
tp(xy) = tp(x)tp(y). Now fix any a G V, and consider the regular map tp a : aV — > 9' given by 
tp a {au) = tp(a)tp(u). If au = v & aV n V, then tp a (au) = tp(a)tp(u) = tp(au) = tp(v). Hence, tp and 
(/? a define the same rational map. So, since tp a is defined on aV, it follows that ip is defined on 
U ag yaV = VV = 9, where the last equality follows from ([3], Proposition 1.3) as 9 is connected. 
Thus, ip extends to a regular map on 9, which we will also denote by tp. Observe now that the map 
$ x $ ^ $', (x,y) h-> tp(xy)~ 1 tp(x)tp(y) coincides with the constant map (x,y) i-> eg' on V x V. 
So, the density of V implies that tp(xy) = (p(x)tp(y) for all x,y G 9- Thus, 93 and / are both group 
homomorphisms that coincide on V, hence tp = / as Fy = 9- So, / is a morphism of algebraic 
groups, as claimed. □ 

The next step is to show that under appropriate assumptions, the morphism of algebraic groups 
a : G{B) —7- H can be lifted to a morphism a : G{B) — > H° making the diagram (|29H commutative. 
For this, we first establish some structural results for G(B) as an algebraic if-group, where B is 
an arbitrary finite-dimensional -ff-algebra. Let J = J(B) be the Jacobson radical of B. By the 
Wedderburn-Malcev Theorem (see [21], Theorem 11.6), there exists a semisimple subalgebra B C B 
such that B = B®J. Then B ~ 5/ J ~ IT x • • • x K (r copies). Let a = (0, . . . , 0, 1, 0, . . . , 0) G B 
be the ith standard basis vector. Then we have B = ©[ =1 -B«, where -B, = eiB. Clearly, Bi = Bi(BJ% 
with Bi = e^B ~ K and J» = ejJ, so in particular, Bi is a local X-algebra with maximal ideal J,. 
For an ideal b C B, we let G(.B, b) denote the congruence subgroup modulo b, i.e. the kernel of 
the natural morphism of algebraic .ff-groups G{B) — y G(B/b); it is clear that G(B, b) is a closed 
normal subgroup of G{B). 

Proposition 6.5. (i) G(B) = G(B,J) x G(B) is a Levi decomposition ofG(B); 

(ii) G(B) ~ G{B\) x • • • x G(B r ), where each Bi is a finite-dimensional local K-algebra; 

(iii) Suppose B = K © J is a finite- dimensional commutative local K-algebra. Let d > 1 be such 
that J = {0}, and for each k = 1, . . . , d—1, let Sk = dinix J / J +l . Then, fork = 1, . . . , d—1, 
the quotient Qk '■= G(B, J )/G(B, J +1 ) is isomorphic as an algebraic K -group to g x • • • x g 
(sk copies), where q is the Lie algebra of G, considered as an algebraic group in terms of the 
underlying vector space. Furthermore, the conjugation action of G(K) on Qk is the sum of Sk 
copies of the adjoint representation. 

Proof, (i) Fix an embedding G ^-> GL n as group schemes over Z (cf. [1], 3.4). Then G(B,J) = 
G(B) nGL n (B, J). Note that the embedding B ■— )■ B induces a section for the canonical morphism 
G(B) — > G(B/J), whence the semi-direct product decomposition 

(32) G{B) = G(B,J)xG(B). 

Since B = K x • • • xK, the group G{B) = G(K) x • • • x G(B) is semisimple, in particular reductive 
(see [32], Theorem 6). On the other hand, it is well-known and easy to check that for any a, b > 1, 
we have 

[GL n (B,J a ),GL n (B,J b )] C GL n (B, J a+h ). 
Since J d = {0} for some d > 1 (cf. [1], Proposition 8.4), we conclude that the group GL n (B,J) 
is nilpotent, and therefore G(B, J) is also nilpotent. Now since G{B) is connected as an algebraic 
K-group, the decomposition ([32]) implies the connectedness of G(B, J). Thus, G(B, J) is contained 



Here we tacitly identify S and S' with the corresponding groups S(^) and S'{K) of Tf-points. 
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in the radical of G(B). But G(B)/G(B, J) ~ G(B) is reductive, so we see that G(B, J) is precisely 
the radical of G(B). Finally, since G{B) coincides with its commutator subgroup (see [29], Corollary 
4.4), the radical of G(B) cannot contain any torus, hence coincides with the unipotent radical. 

(ii) is obvious. 

(iii) Let C k = B/J k+l . It follows from ([2D]. Corollary 2) that if J := J / J k+l denotes the image 
of J in Cfc, then the canonical map G(B, J k ) — > G{C k , J k ) is surjective, and therefore Q\. can be 
identified with G(C k , J k )- Now let {vi, . . . ,v Sk } be a K-basis of J k = J k /J k+1 . Then an element 
X G GL n (Ck, J k ) can be written in the form X = I n + X\V\ + • • • + X Sk v Sk , for some Xj G M n (K). 
Let Fbea regular function on GL n . Then 

F(X) = F(I n ) + (V In F ■ Xx) Vl + ■■■ + (V In F ■ X k )v k , 

where V/ n is the gradient of F evaluated at the identity I n . Thus, considering all the regular 
functions on GL n that vanish on G, we see that X € G(C k ,J ) if and only if Xj £ q for all 
i = 1, . . . , Sfc, yielding an isomorphism 

Qk =* G(C7 fc , J fc ) ~ x • • • x g. 

Finally, it is clear that the conjugation action of G(K) on Q k can be identified with the direct sum 
of copies of the adjoint representation, which completes the proof. □ 

Now we prove 

Proposition 6.6. In each of the following situations 

(i) H° is reductive (hence semisimple); 

(ii) char K = and H° satisfies condition (Z) introduced in §5 

there exists a morphism of algebraic groups a: G{A°) — > H° such that a = cr 071^0, i.e. the diagram 

(1291) commutes. 



Proof. By Proposition 15.61 i n both cases, B := A° is a finite-dimensional K-algebra, so G(A°) = 
G(B) has a natural structure of a connected algebraic K-group. Furthermore, in either case, 
the center Z(H°) is finite (see Corollary 15.41 and Proposition I5.5[> . so the canonical morphism 
v. H° — t- H is a central isogeny. 

According to Proposition 16.31 &'■ G(A°) — > H is a morphism of algebraic groups, which, by our 
construction, satisfies voa = <to7T/i°, in the notations introduced earlier. As we already noted in the 
proof of Proposition 15.61 in case (i), we have J(A°) = {0}, so A° ~ K x • • • x K (Proposition 12.20]) . 
and therefore G(A°) = G{K) x • • • x G{K) is a semisimple simply connected algebraic group. Then, 
according to ([6j, Proposition 2.24), there exists a morphism of algebraic groups a: G(A°) — > H 
such that 

v o a = <t. 
We will next show that such a a also exists in case (ii). Pick a semisimple subalgebra B C B := A° 
such that B = B © J; then by Proposition 16.51 

G(B) = G{B,J) xG(B) 

is a Levi decomposition of G(B) = G(A°). Also, since B ~ K x • • • x K, the group G(B) = 
G(K) x • • • x G(K) is semisimple and simply connected. Set 

U = a(G(A°,J)) and S = a(G(B)). 

Then 

3 = UxiS 

is a Levi decomposition of -ST. Furthermore, setting S = (v^ 1 ^)) , we have that 

H° = U x 5, 
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where U is the unipotent radical of H°, is a Levi decomposition of H° . According to Proposition 
15.61 Z(H°) C S, so that S = S/Z(H°) and the restriction vy = v\\j: U — > U is an isomorphism. 
Since G(B) is simply connected, there exists a morphism of algebraic groups as : G(B) — > S such 
that 

voa s = v\ G (B)- 
Now define ay. G(A°, J) — > U to be v^ o (ct|g(A°,j))- Then 

a = (au,a s ): G(A°) = G(A°,J) x G(B) -> ff° 

is again a morphism of algebraic groups satisfying u o a = a. 

Thus, for the morphisms a constructed in both cases, it now follows from Proposition 15.61 that 
v o a o tt^o = v o a. Hence x '■ G(A°) — > H° defined by 

x(g) =o{g)~ 1 ■ (o-o7ta°)(s) 
has values in Z(H°). This, in conjunction with the fact that a and <joita° are group homomorphisms, 
implies that x is a ^ so a group homomorphism. However, since G(A°) coincides with its commutator 
(|29j, Corollary 4.4), x must be trivial, and therefore 

a o ttj^o = a, 

as required. 

□ 

Thus, combining the results of Propositions 15. 2| 15. 6[ 16.31 and 16.61 we obtain the following 

Theorem 6.7. Let & be a reduced irreducible root system of rank > 2, R a commutative ring 
such that ($, R) is a nice pair, and K an algebraically closed field. Assume that R is noetherian 
if char K > 0. Furthermore let G be the universal Chevalley-Demazure group scheme of type 
<J> and let p: G{R) + — > GL n (K) be a finite- dimensional linear representation of the elementary 
subgroup G(R) + C G(R) over K. Set H = p(G{R) + ) (Zariski closure), and let H° be the connected 
component of the identity of H. Then in each of the following situations 

(1) H° is reductive; 

(2) char K = and R is semilocal; 

(3) char K = and H° satisfies condition (Z) 

there exists a commutative finite- dimensional K -algebra B, a ring homomorphism f : R — > B with 
Zariski-dense image and a morphism a: G(B) — > H of algebraic K -groups such that for a suitable 
subgroup T C G(R) + of finite index we have 

p\r = (aoF)\ r , 
where F: G(R) + — > G{B) + is the group homomorphism induced by f . 

Recall that we showed in Proposition 15.51 that if char K = and the unipotent radical U of H° 
is commutative, then H° satisfies (Z). Hence, Theorem 16.71 yields all of the assertions of the Main 
Theorem. 

Example 6.8. If H° is reductive, then it follows from Lemma 15.71 and our construction that 
B can be chosen to have trivial Jacobson radical, and therefore B ~ K x • • • x K (r copies). 
Then the homomorphism / : R — > B in Theorem 16.71 is of the form / = (/i, . . . , f m ), where each 
component is a homomorphism /j: R — >■ K. In particular, if R = Z[xi, . . . ,Xk], then each fa is 
just a specialization map. So, in this case, we obtain from Theorem 16.71 that any representation 
p: G(R) + — > GL n (K) coincides on a subgroup of finite index V C G(R) + with a o F, where F = 
(i*i, . . . , F r ) and each component Fi : G(R) + — > G(K) is induced by a specialization homomorphism, 
and a : G(K) x • • • x G(K) — ^ H is a morphism of algebraic iT-groups. Thus, Theorem 16. 71 generalizes 
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the result of Shenfeld [28] which treats the case G = SL n , R = 7L\x\, . . . , Xk], and K = C, using the 
centrality of the congruence kernel of G = SL n (R) established in [16] and mimicking the argument 
of Bass-Milnor-Serre [2]. 

Example 6.9. Now assume that the unipotent radical U of H° is commutative and that char K = 

0. Then it follows from Lemma [5 .71 and our construction that one can choose B so that its Jacobson 
radical J = J(B) satisfies J 2 = {0}. Moreover, it follows from Proposition I6.5f ii) that we can write 

G(B) = G{B l ) x ••• xG(B r ), 

where each Bi is a finite dimensional local -KT-algebra of the form B, L = K Jj with Jf = {0}. 
Hence it is enough to analyze the case where B = K © J with J 2 = {0}. So now choose a isT-basis 
{v\, . . . , Vd} of J . Then a homomorphism / : R — > B can be written in the form 

f(r) = (fo(r)J 1 (r)v 1 + --- + f d (r)v d ), 

where /o : R — > K is a ring homomorphism and the /j's, for i > 1, satisfy 

fi{nr 2 ) = /o(ri)/i(r 2 ) + /i(ri)/ (r 2 ). 

Thus, each /j, i > 1, is a derivation (with respect to /o), and we recover, in a slightly different 
form, the result of L. Lifschitz and A. Rapinchuk [18], which was established when R = k is a field 
of characteristic zero (as we observed earlier, in this case G(R) does not have proper noncentral 
normal subgroups, hence T = G(R)). 

Remark 6.10. Borel and Tits [5] consider abstract homomorphisms into groups of points over 
not necessarily algebraically closed fields. It appears that our results can also be generalized 
to representations over non-algebraically closed fields. However, this will require an analysis of 
algebraic rings over non-algebraically closed fields and will be given elsewhere, along with the 
verification of condition (Z) in some new cases. 

References 

1. M.F. Atiyah, I.G. MacDonald, Introduction to Commutative Algebra, Westview Press, 1969 

2. H. Bass, J. Milnor, J. P. Serre, Solution of the congruence subgroup problem for SL n (n > 3) and Sp2 n (n > 2), 
Publ. Math. IHES 33 (1967), 59-137 

3. A. Borel, Linear Algebraic Groups, second ed., GTM 126, Springer 1991 

4. A. Borel, Properties and linear representations of Chevalley groups, Seminar on Algebraic Groups and Related 
Finite Groups, Lect. Notes Math. 131, Springer, 1970 

5. A. Borel, J. Tits, Homomorphismes "abstraits" de groupes algebriques simples, Ann. of Math. 97 (1973), no. 3, 
499-571 

6. A. Borel, J. Tits, Complements a I'article "Groupes reductifs", Publ. Math. IHES 41 (1972), 253276 

7. N. Bourbaki, Lie Groups and Lie Algebras, Chapter 7-9, Elements of Mathematics, Springer 2005 

8. C. Chevalley, Certains schemas de groupes semi-simples, Sem. Bourbaki, (1960-61), Exp. 219 

9. C. Chevalley, line demonstration d'un theoreme sur les groupes algebriques, J. Math. Pures Appl. 39(4) (1960), 
307-317 

10. B. Conrad, A modern proof of Chevalley '$ theorem on algebraic groups, J. Ramanujan Math. Soc. 17 (2002), 
1-18 

11. D. Costa, G. Keller, On the normal subgroups ofG 2 (A), Trans. Amer. Math. Soc. 351 (1999), no. 12, 5051-5088 

12. M. Demazure, P. Gabriel, Groupes algebriques, Volume 1, Masson, Paris, 1970 

13. P. Gille, T. Szamuely, Central Simple Algebras and Galois Cohomology, Cambridge Studies in Advanced Math- 
ematics 101, 2006 

14. J.E. Humphreys, Introduction to Lie Algebras and Representation Theory, GTM 9, Springer, 1972 

15. J.E. Humphreys, Linear Algebraic Groups, GTM 21, Springer, 1981 

16. M. Kassabov and N. Nikolov, Universal Lattices and Property Tau, Invent. Math. 165 (2006), 209-224 

17. M. Kassabov, M. Sapir, Nonlinearity of matrix groups, J. Topol. Anal. 1 (2009), no. 3, 251-260 

18. L. Lifschitz, A.S. Rapinchuk, On abstract homomorphisms of Chevalley groups with nonreductive image I, J. Al- 
gebra 242 (2001), 374-399 



REPRESENTATIONS OF CHEVALLEY GROUPS 31 

19. G.A. Margulis, Discrete Subgroups of Semisimple Lie Groups, Springer, New York/Berlin 1991 

20. H. Matsumoto, Subgroups of finite index in certain arithmetic groups, Proc. Sympos. Pure Math., AMS 9 (1966), 
99-103 

21. G.D. Mostow, Fully reducible subgroups of algebraic groups, Amer. J. Math. 78 (1956), 200-221 

22. D. Mumford, Abelian Varieties, Oxford University Press, 1970 

23. J. Oesterle, Nombres de Tamagawa et groupes unipotents en caracteristique p, Invent. Math. 78 (1984), 13-88 

24. R.S. Pierce, Associative Algebras, GTM 88, Springer, 1982 

25. G. Seitz, Abstract homomomorphisms of algebraic groups, J. London Math. Soc. (2) 56 (1997), 104-124 

26. J. -P. Serre, Le probleme des groupes de congruence pour SL2, Ann. of Math. 92 (1970), 489-527 

27. J.-P. Serre, Local Fields, GTM 67, Springer 1979 

28. D. Shenfeld, On semisimple representations of SL n (Z[xi, . . . , Xk]), Hebrew University Master's Thesis 

29. M.R. Stein Relations and coverings of Chevalley groups over commutative rings, Amer. J. Math. 93 (1971), 
no. 4, 965-1004 

30. M.R. Stein Surjective Stability in dimension for K2 and related functors, Trans. Amer. Math. Soc. 178 (1973), 
165-191 

31. R. Steinberg, Generateurs, relations et revetements de groupes algebriques, Colloq. Theorie des Groupes 
Algebriques (Bruxelles, 1962), Librairie Universitaire, Louvain; Gauthier-Villars, Paris 1962, 113-127 

32. R. Steinberg, Lectures on Chevalley groups, mimeographed lectures notes, Yale University Math. Dept., New 
Haven, CT, 1968 

33. R. Steinberg, Some consequence of elementary relations in SL n , Finite Groups — Coming of Age, Proceedings 
of the Canadian Mathematical Society Conference held on June 15-28, 1982, AMS, Contemporary Mathematics 
Vol. 45, 1985 

34. J. Tits, Algebraic and abstract simple groups, Ann. of Math 80 (1964), 313-329 

35. J. Tits, Homomorphismes "abstraits" de groupes de Lie, in "Convegne di Gruppi e loro Rappresentazioni, 
INDAM, Rome, 1972," Symposia Mathematica 13 (1974), 479-499 

Department of Mathematics, Yale University, New Haven, CT 06502 
E-mail address: igor.rapinchuk@yale.edu 



